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Abstract. We study the problem of L p -boundedness (1 < p < oo) of oper- 
ators of the form m(Li, . . . , L n ) for a commuting system of self- adjoint left- 
invariant differential operators Li,...,L n on a Lie group G of polynomial 
growth, which generate an algebra containing a weighted subcoercive opera- 
tor. In particular, when G is a homogeneous group and L\, . . . , L n are ho- 
mogeneous, we prove analogues of the Mihlin-Hormander and Marcinkiewicz 
multiplier theorems. 



1. Introduction 

Let (X, fi) be a measure space, and let L%, . . . , L n be (possibly unbounded) self- 
adjoint operators on L 2 (X,/i) which commute strongly, i.e., which admit a joint 
spectral resolution E on K™. Then a joint functional calculus for Li,...,L n is 
defined via spectral integration and, for every Borel function m : R™ — > C, the 
operator 



i(L) = m(Li, . . . , L„) = / mdE 

Jw 1 



is bounded on L 2 (X,/j.) if and only if the function m is (£ , -essentially) bounded. 
The characterization of the boundedness of m(L) on other function spaces, such 
as L P (X, /i) for p ^ 2, in terms of properties of the function m — which will be 
called (spectral) multiplier for L\,..., L n — is a much more difficult question, even 
in particular cases. Several problems and results of harmonic analysis fall into 
this frame, the classical examples being the Mihlin-Hormander and Marcinkiewicz 
theorems for Fourier multipliers on R™, which give sufficient conditions for the 
L p boundedness (1 < p < oo) of joint functions m{—id\, . . . , —id n ) of the partial 
derivatives on R™, in terms of smoothness properties of the multiplier m. 

Here we are interested in the case X = G is a (connected) Lie group of polyno- 
mial volume growth (with a Haar measure fi) and Li,..., L n belong to the algebra 
£>(G) of left-invariant differential operators on G, with particular reference to ho- 
mogeneous operators Li, . . . ,L n on a homogeneous (nilpotent) Lie group G. For 
n = l, i.e., for a single operator L = Li, several results of Mihlin-Hormander type 
are known (see, e.g., |H [151 1311 HI EHl SOI HI IS] and references therein), dealing 
mainly with a sublaplacian L on G, or more generally with a positive operator 
L for which Gaussian- type heat kernel estimates hold. For n > 1, instead, most 
of the known results [351 HH HH [HI \EH 1131 [H] refer to a specific class of groups 
G (namely, the H-type groups) and to specific choices of the operators Li,...,L n 
(i.e., sublaplacians and central derivatives); a recent work of Sikora [41] . which has 
no such restrictions (in fact it applies to more general settings than Lie groups), 
is however limited to the case of direct products (G = Gi x • ■ • x G n and each Lj 

l 
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operates on a different factor Gj of G), so that it does not cover the mentioned 
results on H-type groups. 

In this paper, we propose a quite general setting where spectral multiplier theo- 
rems of Mihlin-Hormander and Marcinkiewicz type for a system of operators can be 
obtained. Starting from the weighted subcoercive operators^ of ter Elst and Robin- 
son [45] — which are a large class of left-invariant differential operators on a Lie 
group (including positive elliptic operators, sublaplacians, and positive Rockland 
operators on homogeneous groups) for which Gaussian-type heat kernel estimates 
hold — we define a weighted subcoercive system to be a system L\, . . . , L n of pair- 
wise commuting, formally self-adjoint, left- invariant differential operators on a con- 
nected Lie group G which generate a subalgebra of 55(G) containing a weighted 
subcoercive operator. An "abstract" study of weighted subcoercive systems, in re- 
lation with the algebraic structure and the representation theory of the environment 
Lie group, is performed in [24] , from which we get in particular that: 

• the members of a weighted subcoercive system L\, . . . , L n on G are essen- 
tially self-adjoint and commute strongly (so that they admit a joint spectral 
resolution) in every unitary representation of G; 

• the operators of the form m(L) — m(Lx, . . . , L n ) are convolution operators: 

m{L)(j) = <j> * IC^m — 4> * rh 

for some distribution rh — K,jjm; in fact, if m is bounded and compactly 
supported, then /C^m £ L 2 {G) together with all its left-invariant deriva- 
tives; 

• a Plancherel formula holds: 

\\^Lm\\ L 2 {G) = ||m|| i 2 (R „ j0 . ) 

for some regular Borel measure a, which is called the Plancherel measure 
associated with L\, . . . , L n , and whose support is their joint L? spectrum; 

• if G is a homogeneous group (with automorphic dilations St), a, commuting 
system L\,... ,L n of homogeneous, formally self-adjoint left-invariant dif- 
ferential operators is a weighted subcoercive system if and only if L\, . . . , L n 
are jointly injective on the smooth vectors v of every non-trivial irreducible 
representation n of G: 

dn(Li)v = ■ ■ ■ = dir(L n )v = =>■ v = 

(this is a multi-variate analogue of the Rockland condition [33l Efl]); in 
this case, we speak of a homogeneous weighted subcoercive system and, if 
Li, . . . ,L n are homogeneous of degrees w\, . . . ,w n respectively, then 

(1.1) o-(e t (A))=t Qs a(A), K L {m o e t ) = t~ Qs (IC L m) o S t -t, 

where Qs is the homogeneous dimension (det St = t® s ) and 

e f (Ai, . . . , A n ) = (t Wl Ai, . . . , t n X n ) 

are the dilations on R n associated with L\, . . . , L n . 



The definition of weighted subcoercive operator to which we refer in the present work is the 
one from |24| . which is more restrictive than the original one in [45]. The restriction appears to 
be necessary in order to correct an error in |45| . as it is explained in 24. footnote 1], We are not 
sure if our results remain true under the wider definition. 



JOINT SPECTRAL MULTIPLIERS ON GROUPS OF POLYNOMIAL GROWTH 



3 



In the following, under the hypothesis that Li, . . . , L n is a weighted subcoercive 
system on a Lie group G of polynomial growth of degree Qg, we prove weighted 
L estimates for the kernels /C^m corresponding to multipliers m with compact 
support, in terms of a Sobolev norm of m. If we suppose further that G is a 
homogeneous group and that L\, . . . , L n are homogeneous operators (with degrees 
w±, . . . , w n and associated dilations et), then a theorem of Mihlin-Hormander type 
can be obtained: the operator m(L) is of weak type (1, 1) and bounded on L P (G) for 
1 < p < oo whenever the multiplier m satisfies an L q Mihlin-Hormander condition 
of order s, i.e., 

(1.2) |MlM e w= = f sup || (mo e t )f]\\w- < oo, 

t>o 

with q £ [2, oo] and 

^ Qg n - 1 

1.3 s > — + , 

2 g 

where W*(R™) is the L q Sobolev space of (fractional) order s and rj is a non- 
negative smooth cut-off function on R™ supported on an annulus centered at the 
origin. Notice that the condition (|1.2[) is independent on the choice of the cut-off 
77; moreover, an L°° Mihlin-Hormander condition of integral order s is essentially 
equivalent to the pointwise conditions 

(1.4) sup|A|^ Q||e |<9 Q m(A)| < 00 

for a € N n with |a| — a.\ + • • • + a n < s, where | • | e is a e t -homogeneous norm on 
K™ and ||q!|| € = wiai + • • • + w n a n . 

In particular cases, the previous theorem can be improved by lowering the reg- 
ularity threshold, i.e., the right-hand side of (|1.3|1 . For instance, by extending a 
technique due to Hebisch and Zicnkiewicz [18] . we prove that, if G is the direct 
product of Euclidean and Metivier groups, then the dimension at infinity Qg can 
be replaced in (|1.3[) by the topological dimension dimG; in fact, in iJ3]we propose 
a systematic approach for exploiting such technique, by introducing the notion of 
h-capacious groups, for which Qg can be replaced in (|1.3p by Qg — h. The term 
(n — l)/q in (|1.3[) can be lowered too, by determining the volume growth rate with 
respect to the Plancherel measure a of Euclidean balls with small radius: namely, 
if a(B(X,r)) < Cr d for |A| = 1 and r < 1, then n — 1 can be replaced in (|1.3[) by 
n — d. 

Finally, a sort of product theory can be developed, by considering several ho- 
mogeneous Lie groups Gi, each of which endowed with a homogeneous weighted 
subcoercive system . . . , Li, ni , for I = l,...,g. Let (e;,t)t>o be the dilations 
on R™' associated with the system . . . ,iz,n, , and define the multi-parameter 
dilations 

3 t -=£i, tl x ••• x e B . te 
on R" = R" 1 x ■ • • x R"e ; set moreover X n = {A G R™ : |Ai| • • • |A e | = 0}. If 
G is a connected Lie group, vi : Gi — > G are Lie group homomorphisms, and 
L\ ■ = v[(Lij), then we have a system 

(1-5) £i,u ■ ■ • >-^i,m' ■ ■ • '-^0,1) ■ ■ • '-^0,n e 

of essentially self-adjoint, left-invariant differential operators on G. Under the sole 
hypothesis of (strong) commutativity of the operators (|1.5|l on L 2 (G), we prove a 
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multi-variate analogue of the previous theorem: the operator m{L ) is bounded on 
L P (G) for 1 < p < 00 whenever the multiplier m : R n — > C vanishes on X^ and 
satisfies an L q Marcinkiewicz condition of order s — (si, . . . , s g ), i.e., 

(1.6) IMUaSfW = f SU P II ( m ° It) Vl ® • • • ® %||s*w < °°, 

9 ti,...,t e >0 5 

with g £ [2, oo] and 

1.7) «i>-^-H for I = 1, •••,£», 

where S^W(M. n ) is the L q Sobolev space with dominating mixed smoothness of order 
s (see, e.g., [331 .36,) and the r\i : R™ ! — > K are cut-off functions as before. This result 
can also be improved in particular cases: in fact, each of the components (|1.7I) of 
the regularity threshold can be independently lowered, by the same techniques and 
amounts as for the threshold (jl.3l) in the previous result. The hypothesis nn\x n = 0, 
related to the possibility that the spectral measure of X^ is not null, can be relaxed 
too, by applying iterative ly our Marcinkiewicz-type result to subsystems of (| 1 . 5[) . 

Both our theorems can be applied to the direct-product setting of [UJ (in the 
case of homogeneous groups), and also to the systems of operators considered in the 
above-mentioned works on H-type groups; in fact, the results of [2^1 [ST] are sharper 
than ours, since they require a weaker condition on the multiplier. On the other 
hand, our theorems have a much wider range of applicability, with respect both to 
the groups and to the systems of differential operators under consideration. In par- 
ticular, the environment group G in the second theorem need not be homogeneous. 
As a corollary, we obtain LP multiplier theorems for distinguished sublaplacians on 
some non-nilpotcnt solvable Lie groups G of polynomial growth (such as the plane 
motion group, the oscillator groups, the diamond groups) with regularity threshold 
(dimG)/2; to our knowledge, this threshold had been previously reached only for 
some homogeneous groups (i.e., Heisenberg and related groups |16U31| ) and for the 
compact group SU2 [8]. 

Notation and preliminary remarks. For a topological space X, we denote by 
C{X) the space of continuous (complex- valued) functions on X, whereas C (X) 
is the subspace of continuous functions vanishing at infinity. If X is a smooth 
manifold, then D(X) is the space of compactly supported smooth functions on X . 
If G is a Lie group, / is a function on G and x, y £ G, then we set 

L*/(y) = f{x- x y), R x f(y) = f(yx). 

R : x i-> Re is the (right) regular representation of G For a fixed right Haar 
measure [i on G, K x is an isometry of L P (G) for 1 < p < 00. With respect to such 
measure, convolution and involution take the form 

/ * 9(x) = f Kxy-^giv) dy, f* (x) = A(x)J(x^ r ) 
Jg 

(where A is the modular function) and we set, for every representation 7r, 

<f)= I f(x)n(x- 1 )dx 
Jg 

(differently from the common usage), so that in particular 

R(.9)/ = f*9, tt(/ * 9) = ir(g)ir(f), n(Df) = dn(D)n(f) 
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for every D E 25(G). We denote by D + the formal adjoint of a smooth differential 
operator D on G (with respect to the measure p). 

The above conditions (11.21) . (II. 6[) on the multiplier m have been expressed in 
terms of Sobolev norms. In fact, there are several scales of spaces which can be 
used to express a differentiability condition of fractional order and with an L q 
flavour; since the inequalities (jl.3|) . (|1.7[) involving the order are strict, it does 
not really matter which of the various scales is used. In the following, we will 
use the scale of Besov spaces B^ r (M. n ) and their dominating-mixed-smoothness 
variants S* r B(W n ), which are particularly convenient because of their embedding 
and interpolation properties (see, e.g., [2J SHI I3H1 133 [37J [3H1 for a reference); 
accordingly, we will use the quantities || • ||a/ c s s 7 II • Ha/jS* b m place of the ones 
in Qt . 

2. Weighted estimates 

Let G be a Lie group of polynomial growth of degree Qc, and set 

\x\g = d G (x,e), (x) G = l + \x\a, 

where g?g is a left-invariant connected distance on G [5U1 §111.4] and e £ G is the 
identity element. Let L\, . . . ,L n be a weighted subcoercive system on G, with 
associated Plancherel measure a, and let O be the subalgebra of 25(G) generated 
by them. The aim of this section is to obtain inequalities of the form 

||(-)g/C L m|| iP(G) < C K , a ,f3\\m\\ B e ii(Rn) 

for multipliers m with support contained in a fixed compact K C R", and for 
suitable p,q,a,/3. In order to do this, we will subsequently perform two "changes 
of variables" on the spectral side: the former corresponds to choosing a system of 
generators of O made of positive weighted subcoercive operators, while the latter 
is the multi-variate analogue of an exponential change of variables which has often 
been used in the literature (see, e.g., [TTJ §6.B]) and which allows, together with 
a Fourier-series decomposition, heat kernel estimates, and Holder's inequality, to 
obtain the required estimates. Properties of the Plancherel measure a and interpo- 
lation will then be used (as in [26j and subsequent works) to improve the obtained 
inequalities. 

As in [24, §3.2], we can find a polynomial p, > on R™ such that, if 

p (A) =p*(A)+^A| + l, p v {\) = po(A) + X v for v = 1,. ..,n, 

j 

then p*(L) , po(L) , pi(L) , . . . ,p n (L) are all positive and weighted subcoercive, and 
moreover po(L) , . . . , p n (L) generate O. Let p : E™ — > IR 1+ ™ be the map whose 
components are the polynomials po, . .. ,p n . For I G Z 1+n , set 

Ei(X) = e U - e ~ PW - 1 = g»(ioe- ! 'o (A) +Zie-''i< A >+-+;, l e-i ) ™< A >) _ 1 

Then E x e C (R n ), and in fact 
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with uniform convergence on K n . This means that, if h u ^ is the heat kernel oip u {L) 
for v = 0, . . . , n (with h v .o denoting the Dirac delta at the identity of G), then 



v K) fc °---(*U fc " , . 



(2.1) Ei = 

with convergence in the norm of convolution operators of L 2 (G). 
Lemma 2.1. There exists C > such that 

\\Ei\\ 2 <C\l\ for allleZ 1+n . 

Proof. We have 

n 

\Ei{\)\ < \l-e~ pW \ <J2\ l j\ e ~ PiW < + n)\l\e- pJX \ 

so that in particular, if / = e p *Ei, then 

\\&th = \\f{L)K, L {e- p ')h < \\f\\oc\\!C L (e- p ')h < (1 + n)||/C L (e^)|| 2 |Z|, 
which is the conclusion. □ 

Lemma 2.2. There exist c. u) > such that 



\Ei\ 



L 2 (G,e 2 ^^G dx) 



< ce' 



for all I 6 Z 



l+n 



Proof. Since all the connected left-invariant distances on G are equivalent in the 
large [50l Proposition III. 4. 2], by interpolating the inequalities (e) and (f) of [24j 
Theorem 2.3], we have that there exist c > 1 and uj > such that 



'•'°IL < 



for t > 1, v = 0, . . . ,n and q 6 [1, oo]. 



By Young's inequality and submultiplicativity of e' ' G , we then get 

|](/io,fe * ■ • • * h n , kn )e^ G \\ q < c i+« e -(fco+-+fc.) 

for k € \ {0} and q € [1, oo]. This means in particular that the series in ([2.1 

converges absolutely in L 2 (G,e 2 ' a: ' G dx), with 

(ll ) k ° ■ • • («„)*" 



E 



■h 



O.fco 



* • • • * fir. 



<c L+n e e«\t\ 



L 2 (G,, 



>G dx) 



k \---k n \ 

and we are done. □ 
Lemma 2.3. For all a > 0, we have 

mWma.^dx) < C a \l\ a+1 forle Z 1+n . 
Proof. By Lemma |2~21 it is sufficient to check the estimate for \l\ large, but then 



\Et{x)f(x)^dx< 
< (l + u\l\ 
by Lemmata 12. II and 12.21 



\x\ G <oj\l\ 



2a \\E l \\ 2 2 + sup 



\x\ g >uj\1\ 

7 
2 



r>ui\l\ 



L 2 (G,, 



Ig da;) 



<c a \i\ 2( - a+ ^ 



□ 
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Lemma 2.4. Let K C R™ be compact. For every f G T>(W n ) supported in K , there 
exists g G T>(T 1+n ), depending linearly on f , such that 

(2.2) f(\)=g(e-- pW )= 9 (e^ PoW ,...,e^ W ), 

(2.3) g(l,...,l) = 0, 

(2-4) ll5lls| 2 (Ti+-) < C , jr,,||/||B. ia ( B ») for all s > 0. 

In particular, if g(e lt ) = J2ieZ l + n dQ) e * s ^ e Fourier-series development of g, 
then we have 

(2.5) /= 9{l)E U 

with uniform convergence on R" . 

Proof. Since K C R n is compact and the polynomials po, . . . ,p n are strictly pos- 
itive, p(K) is a compact subset of SI = ]0,+oo[ 1+n . Therefore we can choose 
ipx £ X>(f2) such that V'if Ip(at) = 1. If we put 

f(y) = f(yi -vo,---,y n - yo)^K(y) for y e R 1+ ", 

we then have that / G T>(fl), / = /op and 

||/||b| 2 (ri+") < Ck, s ||/||b| 2 (m») for all s > 0, 

since the change of variables has maximal rank. 
Notice now that the map 

<S>-M3y^ e le ~ v = {e ie ~ m , . . . , e le ~ B " ) G T 



l+n 



is a smooth diffeomorphism with its image, which is an open subset of T 1+ " not 
containing (1, . . . , 1). The function g = f o G F>($(J1)) can be then extended 
by zero to a smooth function on T 1+ ™, and we have clearly 

IMIb! 2 (ti+") < C , k, s ||/||b| >2 (ri+") for all s > 0. 

The construction shows that g depends linearly on / and satisfies (|2.2p - (|2.4l) . In 
particular, we have X)z<=z 1 +' 1 ff(0 = ^' so that the Fourier decomposition of g can 
be rewritten as 

9(e lt )= £ ff(0(e u -*-l) 

(with uniform convergence since is smooth), which gives (|2.5|) . □ 

Proposition 2.5. Let K C R" &e compact, a > 0, f3 > a + (n + 3)/2. For a// 
/ G X>(R") with supp/ C FT 7 we have 

Proof. Let g G £>(T 1+ ") be given by Lemma OH Then 

/= ]T 5(0^ 
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in the norm of convolution operators on L 2 (G). However, the series in the right- 
hand side converges absolutely in L 2 (G, (x) 2 ? dx), since 

E m)\m\\m G , {X )^d X )<Ca £ \m\\i\ a+1 

< C a ^\\g\\ B ^^ T1+ri) < C K ^\\f\\ B e^ n) 
by Lemma \2. 31 and Holder's inequality, and the conclusion follows. □ 

The previous proposition contains a "preliminary version" of the required in- 
equalities, which we are now going to sharpen by interpolation with the Plancherel 
formula. In order to control the L 2 {o~) norm with a Besov norm, we will use a 
refined trace theorem due to Triebel. 

Let r be a (positive) regular Borel measure on W 1 , and let < d < n; we say 
that r is locally d-bounded on an open C M™ if, for every compact if C and 
for < 7 < d, there exist C, f > such that 

t{B(X, r)) < CY 7 for A e if and r < f . 

Notice that every regular Borel measure r is locally 0-bounded on the whole R"; 
moreover, if r is homogeneous with respect to some system of dilations e< on W 1 
(i.e., if T(et(A)) = t a r(A) for some a > and every Borel A C K"), then r is locally 
1-bounded on K n \ {0}. 

Lemma 2.6. Let r be a regular Borel measure which is locally d-bounded on an 
open D, C IR™. If s > (n — d)/2 and K C J7 is compact, then 

II/IU 2 (t) < Ck,s||/||b| i2 (R") 
for every f G V(M. n ) with supp / C K. 

Proof. If d = 0, then \\f\\oo < C s (B«) an d the result is trivial. Suppose 

instead that < d < n, and let K C Q be compact, e > 0. Choose a compact 
neighborhood K' C ft of if, and let C, f > such that 

t(£(A, r)) < Cr d ~ e for A £ if' and < r < f. 

Let moreover f' = min{f, dist(fi \ K', K)}, C = max{C, r(A')/(f') d ^ e }. The iden- 
tity tk(E) = t(E n K) defines a positive regular Borel measure tk on R", which 
coincides with r on if, and with supp tk C if . Moreover 

t k (B(X, r)) < C"r d " £ for every r > and A G M™, 

by construction. Therefore, since the Besov space i?| 2 (M n ) coincides with the 
Triebel-Lizorkin space F| 2 (IR™), by (49j Corollary 9.8(h)] we have 

ll/l|i 2 (r) = ||/|U a (T K ) ^ C^,s||/||b| 2 (R") 

for s > (n - d)/2 + e/2 and / £ V{W l ) with supp / C if. The conclusion follows 
from the arbitrariness of e > 0. □ 

Theorem 2.7. Suppose that, for some open ft C l n , the Plancherel measure a is 
locally d-bounded on 51. Let if C Q be compact, D £ 2D(G), p, q € [1, oo], a > 0, 
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For all m £ B@ q (R n ) with supp to C K, we have 

\\{-) G Dm\\ Lv{G) < CK,D,a,P,p,q\\ m \\Bl^y 

Proof. Consider first the casep = 2, D = 1. Let £ £ T>(W n ) be such that supp£ C 0, 
£\k = 1, and let K' C fl be a compact neighborhood of supp£. Proposition 12. 5[ 
together with the continuous inchision B q2 (W l ) C (K™), then yields, for 

to G X>(R n ) with supp to C X', that 

( 2 - 6 ) \\M\l^(G,{x)^ Ac) < C|, K,aA«ll rn 'llB^ 2 (R'») 

for /3 > a + (2n + 3)/2. By the use of a suitable approximate identity, (|2.6[) can be 
easily extended to all to G i?^ 2 (-^ n ) with supp to C supp£. Hence, if we consider 
the linear map M:m4 /Ci(TO^), then we have that 

(2.7) M is bounded B q2 (R n ) -> L 2 (G, (x) 2 ? dx) for (3 > a + (2n + 3)/2. 
On the other hand, for a = 0, the Plancherel formula and Lemma 12.61 give 

(2.8) M is bounded B^JW 1 ) -> L 2 (G) for /? > ^ 7 

v ' 9 max{2, g} 

(this is clear for q = 2 and g = oo; for 1 < q < 2, we exploit the continuous 
inclusion B^ 2 (W n ) C ^^'^^"^(M™); for 2 < q < oo, we interpolate). Therefore, 
by interpolating (|2.7[) and (|2.8p . we get 

? /5 



M is bounded B^ 2 (M") -> L 2 (G, (x)g 1 dx) for £ > a + - - 



<7 max{2,q} 

In order to conclude, it is sufficient to notice that, if j3 > a + n/q — d/ max{2, q}, 
then for any (3' £ ]a + n/q — dj max{2, <?}, /3[ we have the continuous inclusion 
B@ q (M. n ) C B q2 (M. n ) , and moreover Mm = to for every to with supp to C ii". 

Take now an arbitrary D £ 53(G). For m G B^ ^(8") with suppm C if, set 
to = TOe p * , £ = e _p * ; then to = to * £, so that, by Young's inequality, 

\\(-) G Drh\\ 2 < HOgmo^llOg^ll! < \\m \\ BL{Rn) < \\m\\ BLm 

for f3 > a + n/q — d/ max{2, q}. This concludes the proof for the case p = 2. 

The case 1 < p < 2 follows by Holder's inequality, since J g (x)q Q dx < oo for 
a > Q G . 

Let now p — oo. If ( £ V(M. n ) is nonnegative and £(e) > 0, and if we set 
w a = {')q * C f° r ot>Q, then w a is smooth and nonnegative, 

{x) G < C a w a (x), Dw a (x) < C D , a (x) G 

for aU D £ £>(G). If 2)* is a basis of the A £ 2)(G) of order up to [(dim G)/2J + 1, 
then we have, for j3 > a + n/q — d/ max{2, q} and D £ 55(G), 

IIOg^Hoo < |K£>m|U < Yl \\Mv«Df)h 



• \\(A lWa )(A 2 Dm)\\ 2 < J2 IIO G ^m|| 2 < 

Ai,A 2 es>, Ae~s, 



by Sobolev's embedding, Leibniz's rule and the case p = 2. 

The remaining case 2 < p < oo follows by interpolation. □ 
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3. Improved weighted estimates 

The weighted estimates given by Theorem 12.71 for p = 1 yield a "weak multi- 
plier theorem" for a weighted subcoercive system L\, . . . ,L n on a Lie group G of 
polynomial growth: the operator m(L) is bounded on L P (G) for 1 < p < oo if 
the multiplier m is compactly supported and sufficiently smooth; more precisely, 
by taking q ~ oo, we require an order of smoothness 7 > Qg/2, where Qg is the 
dimension at infinity of G. If G = R", then Qq coincides with the topological 
dimension dimG = n\ for non-abelian (simply connected) nilpotent groups, how- 
ever, Qg > dimG. Nevertheless, for a particular class of 2-step nilpotent groups 
(namely, Heisenberg and related groups) multiplier theorems have been proved with 
(dimG)/2 as the regularity threshold [El |3TJ Q21 EH OH]. In this section, we ex- 
tend to our context of weighted subcoercive systems the technique of Hebisch and 
Zienkiewicz [T5] , which allows in some cases to lower the threshold in the weighted 
L 1 estimates. 

Let G be a nilpotent Lie group, with Lie algebra g. Let 3 be the center of g and 

set 

(3.1) t) = {v Gfl : [v,q] C3}; 

l) is a characteristic ideal of g containing 3 (in fact, it is the term following 3 in 
the ascending central series of g). Let moreover P : g — > g/i be the canonical 
projection. The bilinear map [•,•] : g x g — )• g induces, by restriction, passage to 
the quotient and transposition, another bilinear map 

J ■ 0/3 x 3* -» >)*, 

which we will call the capacity map of g, and is uniquely determined by 

J(P(x),r)(y)=r([x,y}) 

for i£g, rGj*. The group G is said to be an H-type group if there exists an 

inner product on g such that, for every r S 3* of norm 1, the map J(-, r) : g/3 — > rj* 
is an isometric embedding (this condition implies that g = t), so that G is 2-step). 
If G is a H-type group, then in particular 

(3.2) \J(x,t)\>\x\\t\ 

for suitable norms on g/3, 3* and t)*; the validity of such an inequality defines 
the class of Metivier groups, which has been introduced in the study of analytic 
hypoellipticity of Rockland operators [27j [19] ; this class is strictly larger than that 
of H-type groups (see [30] for an example), but is still contained in the class of 
2-step groups. 

In the following, we consider a more general inequality of the form 

\J(x,t)\>w(x)((t) 

for some non- negative functions w : g/i — > M, C : 3* — which may hold also on 
higher-step groups. Rewritten as 

w(x)"t < |J(x,r)PC(r)" 7 

for some 7 > 0, this inequality will be interpreted via the spectral theorem, in 
order to control a multiplication operator (corresponding to w(x) 1 ) with a function 
of the central derivatives (corresponding to £(t)~ 7 ); in this interpretation, it turns 
out that |J(x,t)| 2 corresponds to a sum of products of left- and right-invariant 
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differential operators on G, therefore the term |J(x, r)| 7 can be dominated by an a 
priori estimate for a weighted subcoercive operator on the direct product G x G. 

In order to fill in the details, it is convenient to introduce some notation. For 
every smooth differential operator D on G, the identity 

(3.3) (Df)* = D°f* 

defines another differential operator D° on G; the map D H> D° is a conjugate-linear 
involutive automorphism of the unital algebra of all smooth differential operators 
on G, which maps left-invariant operators to right-invariant ones and vice versa. 

The Lie algebra g of the direct product G = G x G is canonically isomorphic 
to g © g; we define the correspondence D H> D* on 33(G) as the unique conjugate- 
linear automorphism of the unital algebra 23(G) = U(g © g) extending the Lie 
algebra automorphism (X, Y) M> (Y, X) of g g. 

Let £ be the unitary representation of G on L 2 (G) given by £,{x,y)f = R x L y f. 
Then, for every D G 55(G), d£(D) is a smooth differential operator on G, and 

Finally, for D G 23(G), let D G 33(G) be defined by £>(/ <g> 5) = (£»/) © 3, so that 
in particular d£(D) = D. 

Lemma 3.1. Let L = L + 6 33(G) 6e weighted subcoercive, and set A = L 2 . Then 
A + A* is positive weighted subcoercive on G. 

Proof. For D G 33(G), let D 6 33(G) be the differential operator uniquely deter- 
mined by the identity Df = Df. The map D 1— > D defines a conjugate-linear 
involutive automorphism of the unital algebra 33(G), and it is easily proved that 
D'(f ® g) — f <£) (Dg). In particular, we have 

(A + £*)(/ <Sg) = (L 2 f) ® ff + / ® (L 2 . 9 ) 

In view of [Ml Theorem 5.4], since L is self-adjoint and weighted subcoercive, in 
order to conclude it will be sufficient to show that L is weighted subcoercive too. 

As in (24] §2], fix a weighted structure of g and a weighted subcoercive form G 
such that dRc{C) = L. If G is the form defined by C(a) = G(a), then it is easy 
to see that L = (£R,g(G), and, on the other hand, 

5ft(<MR G (G)0) - 3f?(0,dR G (G)0), 
thus G is also weighted subcoercive by definition. □ 

Let L\, . . . , L n G 33(G) be a weighted subcoercive system on the nilpotent Lie 
group G, and let A = p(L) 2 , where p is a real polynomial such that p(L) is weighted 
subcoercive. We define 

A=(A + A*)/2, A = d£(A) = (A + A°)/2. 

By Lemma |3~T1 A is a (left- invariant) positive weighted subcoercive operator on G, 
whereas A is a differential operator on G which in general is neither left- nor right- 
invariant; since A, A, A* form a weighted subcoercive system, the corresponding 
operators A, A, A° in the representation £ admit a joint spectral resolution. 
Let ht (t > 0) be the convolution kernel of e~ tA . 
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Lemma 3.2. Suppose that u G L 2 (G) commutes with all the ht (t > 0). For all 
Borel m : M — > C, u is in the domain of m(A) if and only if it is in the domain of 
m(A), and in this case 

(3.4) m(A)u = m(A)u. 

Proof. From (13.3[) we easily deduce e~* A °/ — {f* * h t )* — h t * f and 

-tA f -tA/2 -tA°/2 f l . f . i, 

e J=e 7 e ' ,/ = h t/2 * f * n t/2 , 

so that e~ tA u — e~ tA u. If £t(A) = e~ tx and J7o = span{£t : t > 0}, then we obtain 
for m € J . It is not difficult to extend (031) to m G C (K") by the Stone- 
Weierstrass theorem, and then to all Borel m : M — 5- C by the spectral theorem and 
dominated convergence. □ 

Lemma 3.3. Let leg. Then, for all ueg, 

(X + X°)\ cxp(v} =dexp v ([v,X]). 

Proof. The semigroup associated to X + X* is 1 1-> (exp(tX), exp(iX)), so that, for 
all / g 2?(G), w G fl, 



(X + X°)| ex p(„)/ - — 



/(exp(-iX) exp(u) exp(tX)). 

{=0 



dt 

Since cxp(— fX) exp(-y) exp(tJT) — exp(Ad(exp(— tX))(v)), we have 

(exp(— tX) exp(v) exp(iX)) = dexp„(ad(— -X")(u)) = dexp^([w, X]), 



dt 



t=o 

which is the conclusion. □ 

In the following, we will identify G with g via the exponential map. Choose a 
basis i/x, . . . , v r of (fj/j)* and a basis Tx, . . . , Td of 3, and set P, = z/j o P. The 
functions Pj : G — > M can be thought of as multiplication operators on L 2 (G), and 
it is not difficult to show that the operators 

Pi,. . . ,P r , -iTx, -iT d 

are (essentially) self-adjoint on L 2 (G) and commute strongly pairwise, so that they 
admit a joint spectral resolution. 

Through the chosen bases, J can be identified with a bilinear map R r x K d — J- rj*. 
Therefore, for every Y G X), we have a bilinear form J(-, -)(Y) : W x R d —> K, 
which in fact is a polynomial; we can then evaluate this particular polynomial in 
the operators Pi, . . . , P r , ~iTi, . . . , — iTd, and denote by J(P, —iT)(Y) the resulting 
operator on L 2 {G). Finally, choose an inner product on rj (which induces an inner 
product on rj*) and an orthonormal basis {Yi}i of rj; then also the map |J(-, -)| 2 is 
a polynomial, thus as before we can consider the operator \J(P, —iT)\ 2 on L 2 (G), 
and clearly | J(P, -iT)\ 2 = £,(J(P, -iT)^)) 2 . 

Lemma 3.4. For all Y G t), J(P, —iT)(Y) is a differential operator on G; more 
precisely, J(P, —iT)(Y) = —i(Y + Y°). In particular 

1 j(p, - 4 t)i 2 = - Yp x + vn 2 = (- j2(Yi + ?n*\ . 
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Proof. Let Ti, . . . , Td G 3* and i>\, . . . , v r G 0/3 be the dual bases of Xi, . . . , T<j and 
i/l,...,u r respectively. Then, by bilinearity, for every Y G tj, 

J(P,-»T)(Y) = -iY,mA){Y)PjT k . 

j,k 

This shows that J(P,—iT)(Y) is a differential operator on G. In fact, for all 
x G G = g, we have V. Pj(x)t>j = P(x), therefore 

J(P, -*T)(Y)| B = -t J] J(P(a:), X fc )(y)X fc 

= -^f fe ([x,y])T fe = -i[as,Y] = -i(y + y°)U 

by Lemma 13.31 (notice that, since T\, . . . ,Td are central, they are constant vector 
fields in exponential coordinates). □ 

Since Tj, . . . , Td are central, the left-invariant differential operators 
(3.5) Li,...,L n ,—iTi,...,-iTd 

on G are a weighted subcoercive system. We can thus consider the Plancherel 
measure a' on K n x 3* associated to this system, which can be shown not to depend 
on the choice of the basis of 3. 

The core of the technique under discussion is contained in the following 

Proposition 3.5. Suppose that, for some nonnegative Borel functions w : 9/3 — > K 
and C : 3* — > K, we have 

\J{x,t)\ > w(x)({t) for all x G 0/3, r G 3*. 

If K C W l is compact and 7 > 0, then, for all m G V(W n ) with suppm C K, 

\\\waP\m\$<C K „ f |m(A)| 2 C(r)- 2 ^ ( r'(A,T). 
Proof. From the hypothesis we deduce, by the spectral theorem, 

llhopp/|| 2 <G 7 |||j(p,-zr)rc(- l r)-vil2 

for / G L 2 (G). By Lemma[32fl | J(P, -iT)\ 2 = d£(D) for some D G D(G); since A 
is weighted subcoercive on G, by Theorem 2.3(iii) of |24j . for some polynomial q 7 
we have, in the representation £, 

nij(p-iT)rvii2<c 7 ik 7 wii2, 

therefore, by putting the two inequalities together, we get 

||hoPr/|| 2 <G 7 ||CHT)-^ 7 (A)/|| 2 

(since the Tj commute strongly with A). In particular, if we take / = rh, 

\\\w a P\">rh\\ 2 <G 7 ||C(-iT)-^ 7 (^)m|| 2 = G 7 ||C(-iT)-^ 7 (A)m|| 2 

by Lemma 13.21 since rh commutes with all the h t . On the other hand, by the 
Plancherel formula for the system (|3.5p , 

HCHTr^AHl 2 , < C Kn [ |m(A)| 2 C(r)- 2 ^ da'(X, r), 
where G_fj- j7 = sup AgJ( - g 7 (p(A) 2 ) 2 , and we are done. □ 
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Simple manipulations give a slightly more general form of the previous estimate: 

Corollary 3.6. Suppose that, for some nonnegative Borel functions Wj : 0/3 — > R 
and Q 13* — >■ R (j = X, . . . ,h), we have 

\J(x,t)\ > wj(x) Ci(r) /or a// S 6 0/3, r e 3*, 

and setwj(x) = 1 + vjj(P(x)). If K C R™ is compact, then for all m G 7?(R") wifft 
supp m <Z K and for all 7 = (71, . . . , 7/j) > me Ziaue 

IK • • - ^ fc|li»( C ) < C^,7 / k(A)| 2 fl(l + 0(r)- 2 ^)^'(A,r). 

Proof. If we set, for 7 C {1, ... , h}, 

7/ = 7^ , ^ (») = n *>j ^ /7/ . w = n w» 777 . 

j'eZ jeJ jei 
then clearly 

|J(x,r)| > Wi(x)(i(t) for all as 6 0/3, t ef, 

and moreover 

J=l JC{l,...,fc} J=l /C{l,...,fc} 

therefore the conclusion follows by repeated application of Proposition [33] □ 

Under some particular hypotheses, we may therefore control a weighted L 2 norm 
of rh in terms of an L 2 (a^) norm of m, where is the push-forward of 

(3.6) C(r)da'(X,r) 

on the first factor of R™ x 3*, for some nonnegative function £ : 3* — > R. 

Lemma 3.7. (i) Suppose that Q 6 L\ oc {%*) is nonnegative. Then err is a regular 
Borel measure on R" . 

(ii) Suppose moreover that G is a homogeneous group, with dilations St and 
homogeneous dimension Qs, and that L\, . . . , L n is a homogeneous system, with 
associated dilations et- If C * s homogeneous of degree a, i.e., £(r o St) = t a £(r), 
then o~£ is homogeneous of degree Qs + a, i.e., a^(et{A)) = t^ s+a a^(A). 

Proof, (i) Let K C R™ be compact. By [2H Lemma 3.16], the canonical projection 
R n x 3* — »■ R" is a proper continuous map when restricted to supper', hence there 
is a compact K' C 3* such that (K x 3*) n supper' C K x K' , and consequently 

a-M <C K I e- 2 ^ 2 C(r)dcr'(A,r) =^||(Cx^) 1/2 Hr)/xi||| 

JKxK' 

by the Plancherel formula. On the other hand, since hi is in the Schwartz class, 
the last quantity is easily seen to be finite by using the Euclidean Fourier transform 
and the fact that (Cxk 1 ) 1 ^ 2 £ 7 2 (3*). We have thus proved that cr? is finite on 
compacta; by [3H Theorem 2.18], this means that is a regular Borel measure on 
R™. 

(ii) Without loss of generality, we may take the basis T\ , . . . , T4 of 3 as com- 
posed by oVhomogeneous elements; thus (|3.5p is a homogeneous system, and the 
associated dilations e' t on R™ x 3* are given by e' t (X,r) = (et(A),r o St). By (jl.ip . 
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a' is e' t -homogeneous of degree Q$. Therefore, if ( is homogeneous of degree a, 
then clearly the measure Q3.6[) is homogeneous of degree Qs + a; since the canonical 
projection 1™ x 3* — >• R n intertwines the two system of dilations, we infer that also 
<T£ is homogeneous of degree Qs + a. □ 

Via interpolation, we then obtain an improvement of Theorem 12.71 where the 
role of the Plancherel measure er is now played by some a^. 

Proposition 3.8. (i) Suppose that, for some nonnegative Borel functions Wj : 
g/3 — > R and Q : 3* — > R (j = 1, . . . , h), we have 

(3.7) \J(x,t)\>Wj(x)Q(t) for all x G g/3, r G 3* , 

and set u>j(x) = 1 + Wj(P(x)). Suppose moreover that, for some 71, ...,7/, > 0, 
i/ Cf — + Cj 273 )j then the measure <7£_ is locally d-bounded on some open 

flCW 1 . If K CO js compact, q G [1, 00], a > T 0, 

/3 > oH 



g max{2,g}' 
t/ien, /or aZ/ m G D(R n ) wrai/i suppm C if, 

(nj Suppose in addition that J G (x) G 2a Ylj—% ^j( x ) ~ 27j dx < 00 for a > ot^. If 
K C 17 is compact, q G [1, oo], a > 0, 

n d 
p > a + H 



(7 max{2,g}' 
i/ien, /or aZZ m G £>(R") wzt/i suppm C ii", 

IK^G^IIiMG) ^ C K ,a,7^ll m ll S ^(R")- 

Proof, (i) Since er^ is locally d-bounded, the function Q cannot be everywhere null, 
therefore p.7[) and the bilinearity of J imply Wj(P(x)) < C{x) G for some C, 9 > 0, 
thus also n?=i ^(^) 27j < Cf (!b)g (7l+ '" +7h) for some > 0. 

Let ip G D(R n ) such that i^\k = 1 and K' = supp^ C ft. The operator 
m H> K.L(mij)) is then continuous 

2?£,(R") -> L 2 (G, (z) 2 ? nj=i ^(^) 273 <*«0 
for a > 0, /3 > a + #(71 + . . . "fh) + n by Theorem 12. 71 whereas it is continuous 

for /3 > n/q — d/ max{2,g} by Corollary 13.61 and Lemma 12.61 (cf. the proof of 
Theorem 12. 7p . The conclusion then follows by interpolation. 

(ii) It follows from (i) by Holder's inequality. □ 

The hypotheses of the previous proposition are quite involved, and it is not 
particularly clear which classes of groups and systems of operators satisfy them. 
Hebisch and Zienkiewicz [TS] treat explicitly the case of direct products of H-type 
groups; however, as it is mentioned in a remark at the end of [18], there are further 
cases of homogeneous groups for which this technique gives an improvement of the 
weighted L 1 estimates. In order to attempt a systematic treatment of these various 
cases, we introduce the following definition: for h G N, we say that a homogeneous 
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Lie group G is h-capacious if there exist linearly independent homogeneous elements 
U)i, . . . ,u)h £ (0/3)* an d linearly independent homogeneous elements zx, . . . , Zh G 3 
such that, for j = 1, . . . 

(3.8) \J(x,t)\ > \u}j(x)\\t(zj)\ for all x G 0/3, r 6 3*. 

Clearly, every homogeneous group is O-capacious. In the following proposition, we 
give some criteria which may be of some use in showing that a certain homogeneous 
group is /i-capacious. Let us denote by 

(3-9) fl[i] = g, Q[ r+ l] = [g,0[r]] 

the descending central series of a Lie algebra g. 

Proposition 3.9. Let G be a homogeneous group, with dilations S t . 

(i) If G is a Metivier group (with any family of automorphic dilations), then 
3 = [0i0] an d G * s (dim 3) -capacious. 

(ii) Suppose that, for some r > 2, dimg[ r ] = 1. Then G is l-capacious. 

(hi) // g admits a C-linear structure which is compatible with its homogeneous 
Lie algebra structure, and if moreover dime Q[ r ] = 1 for some r > 2, then g 
is 2- capacious. 

(iv) Suppose that G = G\ x G2, where G\ and G2 are homogeneous Lie groups 
with dilations 5\.t and S2.t respectively, so that St — 5x,t X 62. t- If Gi is 
hi-capacious and G2 is h2-capacious, then G is (hi + ft.2)- capacious. 

Proof, (i) Notice that the capacity map J takes its values in the subspace of rj* 
corresponding to (rj/3)*. The condition (I3.2p implies that J(-,t) : g/3 — > (rj/3)* is 
injective for r ^ 0, and that J(x, •) : 3* —> (15/3)* is injective for i/fl. Therefore 
dimg < dimrj, so that g = rj and [g,g] C 3; on the other hand, dim(g/3) > dim3. 

The 5t are automorphisms, hence 3 is a homogeneous ideal. Thus, if h = dim 3, 
we can choose linearly independent homogeneous elements z%, . . . , Zh of 3, and also 
linearly independent homogeneous wi , . ..,u)h £ (g/3)*, since h < dim(g/3). Modulo 
a suitable renormalization, from (|3.2[) we infer (|3.8[) for j = 1, . . . , h. 

If [g,g] were strictly contained in 3, then we would find r e 3* \ {0} such that 
r|[ giB ] = 0, but then also J{-,t) = 0, which contradicts (|3.2|) ; therefore 3 = [g,g]. 

(ii) Since G is nilpotent, it must be r-step, so that gr r i C 3. Notice that the 
ideal g[ r _i] is preserved by every automorphism of g, therefore it is generated by 
(5t-homogeneous elements; since [g,g[ r -i]] = Q[r] 7^ 0, then there must exist a 8t- 
homogeneous element y G g[r-i] such that, for some xq G g, [a;o,y] = z ^ 0. 
In particular 1/ / and moreover, since the ideal g[ r ] is ^-homogeneous and 1- 
dimcnsional, necessarily z is <5 t -homogcneous. 

Since y 6 g[ r _i], the linear map [•,?/]: g —y g takes its values in g[ r ] = Rz; 
therefore, there exists ui £ (g/3)* such that [x,y] = uj(P(x))z for all i£§. Notice 
that uj(P(xo)) = 1, thus to ^ 0; moreover, since both y and z are homogeneous, 
also uj is homogeneous. Finally 

(3.10) J(x,T)(y) = uj(x)t(z) for all x e g/3, r G 3*, 

which implies immediately that G is l-capacious. 

(hi) Arguing as in part (ii), but with a complex Lie algebra g, one finds an 
identity analogous to (|3.10|) . where now w is a C-linear functional on g/3, and 
z G 3. The conclusion then follows by taking the M-linearly independent M-linear 
functionals Sftw, 3w on g/3, and the M-linearly independent elements z, iz G 3. 
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(iv) Via the canonical identification g = gi x 92, we have (with the obvious 
meaning of the notation) 3 = 31 X 32, t) = t)i X t)2, thus also 

3*=3i x 3 2 , >f = >)i x tj;, 0/3 = (0i/3i) x (02/32)- 

Moreover clearly J((xi,x,2), (ti,T2)) = (J%(xx, t%), J2(x2, t 2 )), therefore 

\J((xi,x 2 ), (ti,t 2 ))| > max{|Ji(xi,ri)|, |J 2 (x 2 , t 2 )|} 

and the conclusion follows immediately. □ 

Notice that the previous proposition is not sufficient to exhaust all the cases of 
/i-capacious groups; an example is shown in 



Lemma 3.10. Suppose that G is h-capacious, and let wi, . . . ,uih £ (0/3)* be as in 
the definition. Then the Junctionals L)j o P are null on [g,g\. In particular 

h < min{dim3,dimg - dim(j + [0,0])}. 

Moreover, we can find a homogeneous basis of of g compatible with the descending 
central series such that the functionals uj\ o P 1 . . . , u)h o P are part of the dual basis. 

Proof. Notice that [[g,g], rj] C [g, [g, rj]] C [g,j] = 0. Then from the definition of J 
it follows that, for every x £ [g,g], 

J(P(x),t)=0 for all re f. 

Hence, by choosing in (|3.8|) a r £ 3* such that r(zj) ^ 0, we obtain that the 
functional Uj of is null on [0,0]. In particular, the Uj o P correspond to linearly 
independent elements of (g/([g,g] + 3))*, and the inequality about h follows. 

Let now W — ker(wi o P) fl • • -nker^ftoP). Then W is a homogeneous subspace 
of g containing [g,g]. Moreover, if Qj is the element of (g/W)* corresponding to 
Wj, then uji , . . . , Cj h are a homogeneous basis of (g/W)*. We can then choose 
homogeneous elements v\,...,Vh £ such that the corresponding elements in the 
quotient g/W are the dual basis of uji, . . . , ujh- Finally, we append to v\, . . . ,Vh 
a homogeneous basis of W compatible with the descending central series (which, 
apart from 0m, is contained in W , and is made of homogeneous ideals), and we are 
done. □ 

Here is finally the improvement of Theorem 12.71 for /i-capacious groups. 

Theorem 3.11. Suppose that G is h-capacious, and let Qq be its degree of poly- 
nomial growth. Let moreover Lx, . . . , L n be a homogeneous weighted subcoercive 
system on G. If q £ [1, 00] , a > and 

a . Qa-h n 1 

P > a + o + r^T' 

2 q max{2,<7) 

then, for every K C W 1 \ {0} compact, 

\\M\h l {G,(x)%dx) < C K,a,p\\ m \\Bl q 

for all m £ D(G) with suppm C K. 

Proof. Let oj%, . . . , uj^ £ (0/3)* and z\, ■ ■ . , Zh £ 3 be given by the definition of h- 
capacious, and set Wj(x) = \uj(x)\, Cj( T ) = \ T ( z j)\- Notice now that, since the 
Zj are linearly independent, for every choice of 71, ... ,7^ £ ]0, l/2[, the function 
Cf = Ilj=i(l + Cj 2l: ') i s m ^ioc(3*)' so that, by Lemma [3~71 is a regular Borel 
measure; in fact, since the Zj are homogeneous, cr^ is the sum of et-homogeneous 
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regular Borel measures on R n (with possibly different degrees of homogeneity), 
hence tj£ is locally 1-bounded on K n \ {0}. 

By Lemma I3.10( we can find a homogeneous basis vi,...,Vk of q, compatible 
with the descending central series, such that, if v\, . . . , Vh is the dual basis, then 
i'j = ujj o P for j = 1, . . . , h; in particular we have Wj(x) = 1 + |{)j(a;)|. If we set 
Kj = max{r : Vj £ 0[ r ]}, then Q G = X}j=i K j an d (^)g ~ 1 + J2j=i (^) | (cf. 
Proposition 2.1 of [23]). thus 

{x) G 2a > <C aj (l + \vj(x)\)- 2 ^^ 

for j = 1, . . . , k and ctj > 0. Moreover, since the luj o P are null on [g,g], then 
Kj — 1 for j = 1, . . . , h. 

Notice now that, for fixed 71, . . . , 7/,. 6 ]0, 1/2 [, if a > satisfies 

h fc 

2a > 2a f = ^(1 - 2 7i ) + £ 
j'=i j'=h+i 
then we may choose a\, . . . , a^ > such that 



1 — 27j for j = 1, . . . , h 
Kj for j = h + 1, . . . , fc, 



fc 

a = otj , 2a j > 
3=1 
therefore 

h /i fc 

3=1 i=l J=h+1 

and the right-hand side is clearly integrable over G. We can thus apply Proposi- 
tion l3.8r ii) . and the conclusion follows because, if the 7^ tend to 1/2, then a^ tends 

t0 £*=h+i k j =Qa-h. □ 

Notice that, if G is a Metivier group, by Proposition I3.9f i) we can take h = 
dim[g,g], so that Q G —h = dimG; in fact, by Proposition 13. 9f iv) . the same holds 
if G is a direct product of Metivier and Euclidean groups. 

4. MlHLIN-HORMANDER MULTIPLIERS 

Let G be a homogeneous Lie group, with dimension at infinity Qc, automorphic 
dilations St and homogeneous dimension Q$; as in |241 §2.1], we suppose that the 
homogeneity degrees of the elements of the Lie algebra g are not less than 1, so that 
Qs > Qg- Define \-\g, (')g as in S}2j and denote by | • \s a subadditive homogeneous 
norm on G (cf. [17]). 

Let Li, . . . , L n be a homogeneous weighted subcoercive system on G, with as- 
sociated dilations et, and Plancherel measure a. Denote moreover by | • | e an e t - 
homogeneous norm on W 1 , smooth off the origin. 

Our starting point is, for some q G [1, 00] and s£l, the following 
hypothesis (l g , s )'- for some compact Kq C W 1 \ {0} such that 

\Je t (K )=R n \{0}, 

t>o 

for all f) > s and for all m 6 T>(M. n ) with suppm C Kg, we have 
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From Theorems 12.71 and 13.111 we deduce immediately 

Proposition 4.1. For every q G [l,oo], the hypothesis holds in each of the 

following cases: 

• s = Q G /2 + n/q- l/max{2, g}; 

• the Plancherel measure a is locally d-bounded on 1™ \ {0} and s = Qq/2 + 
n/q — dj max{2, q}; 

• G is h-capacious and s = (Qg — h)/2 + n/q — l/max{2,q}. 

In the rest of this section, we forget how such hypothesis may be checked, and 
we focus on its consequences. 

Proposition 4.2. Suppose that (I q , s ) holds for some q G [l,oo] and sel. Then 
s > n/q. Moreover, for every compact K C R™\{0}, for every a > and f3 > a+s, 
for every D G D(G), for every m G B@ q (M. n ) with suppm G K , we have 

(4-1) \\(-) G Dm\\ LHG) <C K ,D,a,f) \\ m \\ gP „(R") ■ 

Proof. Let A G Ko D supper. For every m G 2?(R") with suppm C K Q , we have 
|w(A)| < Umllioo^) < ||m||i < C^Hmll^ for all f3 > s. Such an inequality gives 

easily ||/||oo < CVII/lls- 9 for all / in the Schwartz class and f3 > s, which however 
can hold only if s > n/q (cf. Theorem 1 of §2.6.2 of [47]). 

The hypothesis (I g . s ) gives (|4.1[) in the case a = 0, D = 1, m smooth, K = Kq. 
The extension to a generic compact K C K™ \ {0} is performed by a partition-of- 
unity argument and exploiting homogeneity. The full generality is then reached by 
approximation and interpolation, as in the proof of Theorem 12.71 □ 

Notice that, by (24j Proposition 2.1], there are constants a, C > such that 
(4.2) l + \x\ s <C(x) G . 

Corollary 4.3. Suppose that (I g , s ) holds. Let K G R" \ {0} be compact, (3 > s. If 
m G B@ q (M. n ) and suppm G K, thenrh G L l (G). Moreover, forO <a< (f3 — s)/a, 



(4.3) / (l + \x\ s ) a \m(x)\dx <C Ktat0 \\m\\ BL 

J G 

and, for all h G G, 

(4.4) ||Rftm - m||i < C Kt p\\m\\ B n \h\ s , \\L h m - fh\\i < C K ^\\m\\ B p \h\ s . 
Proof. Since (3 > s + aa, by Proposition |42] and (|4.2[) we have 



(1 + \x\s) a \m(x)\ dx < C a I (x) G Ql \m(x)\dx < CK,a,p\\m\\ g f> , 

<J G 

and in particular m G L l (G). 

Starting from the inequality ||R G xp(tx)™ — m l|i < ll^ m lli|^|j true for all X G Q 
and f e 1, having chosen a basis X\, . . . , Xk of g, with Xj homogeneous of degree 

dj, we easily obtain ||R/jm — m||x < C^jLi ll^j'^llil^la 3 ! so that also 

||R ft m - m||i < C (llmllr + £} =1 W X MU) \h\s, 

since dj > 1. However ||m||i + X)j=i ll^i m lli ^ Cif^HmH^ by Proposition 14.21 
thus we get the former of (|4.4I) ; the latter is obtained by replacing m with m. □ 
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Lemma 4.4. Let m be a bounded B or el function on W 1 . Then we can find bounded 
Borel functions rrij on M n (for j G Z) such that 

(4.5) suppmj C {A : 2" 1 < |A| £ < 2}, \\mj\\ B ? q < CqA™>\\ Me Bl q 
for all q G [1, oo] and f3 > 0, and moreover 

(4.6) m = 2~ Q6j rhj o 5 2 -j , 

jez 

in the sense of strong convergence of the corresponding convolution operators. 

Proof. Set K — {X : 2 _1 < |A| e < 2}. Choose a nonnegative r] G X>(M n ) supported 
in i'C and such that X^jez r ? ° e 2J — 1 on ~ the origin, and let mj — (m o e 2 - j ) 
Then clearly (|4.5j) is satisfied, and moreover m = ^2j e % rnj o e 2 j off the origin. In 
fact, this is locally a finite sum and the convergence is dominated by the constant 
Umlloo. Since cr({0}) =0, by the spectral theorem and (ll.ip we then have (I4.6[) . in 
the sense of strong convergence of the corresponding convolution operators. □ 

Proposition 4.5. Suppose that (I g , s ) holds. Let j3 > s. If m is a bounded Borel 
function on R™ such that \\m\\ M b p < oo, then 7Ti|G\{e} G L\ oc (G \ {e}), and 
moreover 



(4.7) / \m{xh) - rh{x)\dx < Cp\\m\\ M B p , 

J\x\ s >2\h\s ' "•" 

(4.8) / \rh(hx) — fh(x)\ dx < Cp\\m\\ M B e 
J\x\,>2\h\, ' 



for all h G G\ {e}. 

Proof. Let the rrij be given by Lemma \A. 41 and set Uj = 2~ < ^ M mj o S 2 -o ■ 

Firstly we prove that the convergence in (I4.6[) holds also in L\ oc (G \ {e}). In 
fact, let Bk = {x G G : 2 fc < < 2 fc+1 }; it is sufficient to prove the convergence 
in each L 1 (Bk). We have J Bk \uj\ d[i — J Bk \fhj\ dfi and, for j < k, 

\m 3 (x)\dx < 2^- fe > f {rhjWWxlfdx < C2 a ^\\m\\ MeBL 

(where a > is as in (|4.3|) ) . whereas, for j > k, 



\rhj{x)\dx< \\mjW2yJ KBk-j) < vM^M5o)|M|oo 2 %(fc - j)/2 , 

-j 

(here we use a uniform estimate on the L 2 -norms of the rhj) so that 

f h-l d/t <c'Y^ 2 "°" fc) + c " 2Qs 



Mk-m < x . 

j<k j>k 



This shows (by uniqueness of limits) that the restriction of the distribution m to 
G \ {e} coincides with a function in L\ oc (G \ {e}). 

Since m = J2j&z u j in ^locC^ \ i e })' tnen R >' r ™ — in = HjezO&hUj - Uj) in 
L\ oc (G \ {e, /i -1 }), so that in particular 

(4.9) f w*h)-M*)\**<Y,f Mxh)-M*)\*». 

J\x\ 5 >2\h\ 5 jeZ J\x\ s >2\h\ s 
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Let k G Z. Then, for j < k, the j-th summand in the right-hand side of (|4.9j) is 
not greater than 



2/ \ Uj (x)\dx<C^\\m\\ 

J\x\ s >\h\ s \ n \8 

by (|4.3j) . whereas, for j > k, it is not greater than 



\™>j(y5<i-t{h)) -m s {y)\dy < Cp^f\\m\\ M B ? 



by (|4.4p . Putting all together, the left-hand side of (|4.9|) is majorized by 

and, in order to obtain an estimate independent of h, it is sufficient to choose a k 
such that 2 k < \h\g < 2 fe+1 . Hence we have proved 1(4.70 : the inequality 1(4.80 is 
obtained analogously. □ 

Here is finally the multiplier theorem. 

Theorem 4.6. Suppose that (l q . s ) holds. If m is a bounded Borel function on R™ 
such that \\m\\ M B t> < 00 for some ft > s, then the operator m(L) is of weak type 
(1, 1) and bounded on L P (G) for 1 < p < 00, wzi/i 

||m(L)|| p ^p < C p ^p\\m\\ MtB ^ y 

Proof. Notice that HmH^ac^) < C g , ( g|jm|| M B p , since /3 > n/p by Proposition 14. 2 1 
In view of Proposition ^. 51 the conclusion then follows from the Calderon-Zygmund 
theory of singular integral operators [43j §1.5, Theorem 3 and §I.7.4(iii)]. □ 

Notice that a compactly supported m G B@ q (W. n ) does satisfy an L q Mihlin- 
Hormander condition of order /3, at least for j3 sufficiently large. More precisely, 
let Q e = y~]j Wj/mhij Wj denote the normalized homogeneous dimension associated 
with the dilations £t(A) = (t Wl Xi, . . . ,t Wn X n ); then we have 

Proposition 4.7. If K C R n is compact, q G [1, 00], j3 > Qe/q, then 

IHU< 9 < C K ^\\m\\ BL 

for all m G (W 1 ) with suppm C K. 

Recall that ||m|| M B p — sup t>0 ||(m o et)rj\\ B ff for a suitable cut-off function 
r\ G 2?(R n ) supported away from the origin. If suppm C K, then, for some tx > 
sufficiently large, we have ||(m o ej) r)\\ B p = for t > tjc; therefore Proposition ^. 71 
follows immediately from 

Lemma 4.8. If p, q G [1, 00], /3 > Q e /p and 77 G 2?(]R n ),, i/ien 



sup \\(f oe t )r]\\ B e <C lhp ^\\f\\ B p 

0<*<1 p ' 9 



Proof. Without loss of generality, we may suppose that f3 is not an integer (the 
missing values can be recovered a posteriori by interpolation), thus there exists 
m G N such that m — 1 < f3 < m. 
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Define the k-th order difference operator Ay and the modulus of continuity uip 
as in 2J §6.2]. In view of the characterization by differences of the Besov norm 
given in [3J Theorem 6.2.5], we have to estimate 

(4 . 10) i„« (1 „,, + (((ffl*)'f* 

The former summand in (14. 10)) is immediately majorized by Holder's inequality 
and embeddings, since r\ is compactly supported and /3 > n/p: 

\\{f ° et) vWp < C^pll/oetHoo = Cr,,p\\f\\oo < C VlP , q ,p\\f\\ B iS it . 

For the latter summand, notice first that 

(4-11) \\A k y ^ p <C k Ji>\\ Wpk \y\ k -, 

this inequality, together with the Leibniz rule for finite differences, Holder's inequal- 
ity and the fact that ij 6 V(W l ), gives easily 

m 

l!A™((/ ° e*) r?)|| P < C„, POt ... tPm |y| m - fc ||A^(/ o e t )\\ Pk 

k=0 

for any choice of po, . . . ,pk > p; since 

K(/°e t )IU =t- Qc/Pk W&e t (y)f\U and |ct (»)!«, < t w - {y^ 
for t < 1, where w* — min{iui, . . . t w n }, we then get also 

<(r,(/oe t )»7) < C 1?)roiP ^,...^5i)r m - fc t-«-/''*<(t"'T ) /). 

fc=0 

Choose now p m = P, and pk = pfi/k for k < m. Then, for k < m, we have 

, n k ( n\ „ n Q t w*k I Q e \ 

p k >P, k = l/3-- \ < p-- > Wit k =1/3 >0, 

Pk P \ pj p Pk P \ p J 

so that, by (|4~TT|) and the embeddings B@ q C B* k l C W£ k , 

rn-kf-Q e /p k k IfW, f\ 
1 _ ^PfcV 1 - '_> J I ^ n ■m-fl\\t\\ 



For k — m, instead, 



r /3 {t w *r)P ~ (t w 'r)P 



Putting all together, the latter summand in (14. 10)) is majorized by 



r 



/q ' / Vo 

and the conclusion follows again by [2] Theorem 6.2.5]. □ 
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5. MARCINKIEWICZ MULTIPLIERS 

Let G be a homogeneous Lie group, with automorphic dilations St and homoge- 
neous dimension Qg. For w £ L 1 (G), we define the maximal operator M w (j)(x) = 
sup t>0 \4> * (t~Q s w o S t -i)(x)\ . We say that the function w is M-admissible if M w 
is bounded on L P (G) for 1 < p < oo. 

In terms of maximal operators, we formulate the following hypothesis about 
the homogeneous group G and a chosen homogeneous weighted subcoercive system 
Li,..., L n on it: 

hypothesis (J s ,d) : for every j3 > s there exist 

• a Borel function up on G with up = u*p and up > c(-)q 6 for 
some c,8 > 0, 

• a positive regular Borel measure up on R™, which is locally 
d-bounded on R™ \ {0}, 

• a non-negative real number 7^ < 2/3, 
such that 

• the function (-}q up is M-admissible, and 

• for every compact K C M n \ {0} and every m £ D(R") with 
supp m C K, we have 

(5- 1 ) ll^lli^Gf.u^CxJtto) ^ C'^II^IU 2 ^)- 

Proposition 5.1. Lei G be a homogeneous group, with degree of polynomial growth 
Qg, and let Li, ... , L n be a homogeneous weighted subcoercive system on G. 

(i) The hypothesis (Jq g /2,i) holds. More generally, if the Plancherel measure 
a is locally d-bounded on W 1 \ {0}, then (3Q G /2,d) holds. 

(ii) If G is h-capacious, then (J(q g -/i)/2,i) holds. 

Proof, (i) Let a be the Plancherel measure associated with the system Li, ... , L„ . 
For (3 > Qg/2, we choose up = l,ap = a. By a is ^-homogeneous, so that it 

is locally 1-bounded on 1" \ {0}. Therefore, by the Plancherel formula, in order to 
conclude, it is sufficient to show that, for jp e ]Qg,2/3[, the function wp — (•)g 7 ' i 
is M-admissible. 

The ideals composing the descending central series (I3.9P are characteristic and 
thus St- invariant, hence we can find ^-invariant complements Vk of 0[fc+i] in grw. 
The dilations S t of g defined by S t (x) — t k x for x G Vk in general are not automor- 
phic, but commute with the S t , and moreover, by [23j Proposition 2.1], if | • |g is a 
5 t -homogeneous norm, then (-)g ~ 1 + | • We then have 



G 



(j>(x6 t (y) 1 )wp(y)dy 



E 

h>l ' 

< C 7/3 2- h ^-Qo) f \^ xSt (S 2h (y))- l )\ dy. 



h>a J \y\s< 1 

Since jp > Qg, if Af str ong is the strong maximal function on G associated to a basis 
of simultaneous eigenvectors of the S t and the 5 t [3 §2], we obtain 

M Wj3 4> < C 7(3 M strong </), 

which gives the conclusion by (5j Theorem 2.1]. 
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(ii) Let 3 be the center of g, and P : g — > g/3 be the canonical projection. Let 
cdi, . . . ,0Jh S (0/3)* and zx, . . . ,Zh € 3 be given by the definition of /i-capacious. By 
Lemma 13.101 there exists a homogeneous basis «i, . . . , Vk of g compatible with the 
descending central series such that, if v\, . . . , % is the dual basis, then ujj o P = Vj 
for j — 1, Moreover, if we set Kj = max{r : Vj G g[ r ]} ; then Kj = 1 for 

j = 1 , . . . , h and 



(5.2) Qg = E} =1 k;, (^)g~i + e; =1 I^W 

by [Ml Proposition 2.1]. 

Let "If be the fc-parameter family of dilations on g given by ~I t -(wj) = tjVj. Clearly 
the "l t - are in general not automorphisms, but the automorphic dilations S t can be 
obtained as a particular case: 8t = ~~\(t b i t 6 *)' where bj is the St -homogeneous 
degree of Vj. 

If (3 > (Qg — h)/2, then 2(3 > Qq — h = Ylj=h+i K j> so that we can find 
VP,i, ■••■> Vp.h G [0, 1[ and 7/3,1, . . . , jp tk > such that 



l/Kj 



k 



for j = 1, . . . , h, 
Kj for j = h + 1, . . . , k. 



Let now a' be the Plancherel measure on R™ x 3* associated to the system 
L\, . . . ,L n extended with the central derivatives, as in Sj3l and let op be the push- 
forward of the measure 11^=1 (1 + l T ( z j)l ) do'(\, r) via the canonical projection 
on the first factor of R™ x 3*. By Lemma 15771 since rjp^, . . . , r]p t h < 1, the measure 
op is a regular Borel measure on R"; moreover, since the Zj are ^-homogeneous, 
op is the sum of e t -homogeneous regular Borel measures of different degrees (where 
e t are the dilations associated with the system L\, . . . , L n ), and consequently op is 
locally 1-bounded on R"\{0}. Finally, if we set up (x) = Y\' J Li( 1 + \^j(P{x))\)~ Vi = 
IlJ=i(l + ~ Vi , then up — u* 3 and, by (|5.2|) . Up 1 is dominated by some power 

of (-)g', moreover, by Corollary 13.61 for every compact K C R" \ {0} and every 
m G P(R") with suppm C K, we have (15.11) . 

In order to conclude, we must show that wp = (•)o lp Up is M-admissible. In fact, 
again by (|5.2|l . 

and the exponents 73^ + J^j, yp,j/Kj are all greater than 1 by construction. The 
conclusion then follows as in part (i), but with a multi-variate decomposition, by 
[SI Theorem 2.1] applied to the multi-parameter dilations ~I t -. □ 

Suppose now that, for I = 1, . . . , g, Gi is a homogeneous Lie group, with dilations 
(Si.t)t>o, and that Li t i, . . . , L; iT[( is a homogeneous weighted subcoercive system on 
Gi. Set G x = d x •'• • x G e , and let Lfj G £(G X ) be defined by 

® • • • ® / e ) = fx ® • • • O (iij/i) ® • • • ® / e 
for i = 1, . . . , £, j = 1, . . . , m. By [24] Corollary 5.5], we know that 

r X tX tX tX 

•^1,1) • • • ) ^l,ni ' * ' * ' -^0,1' ■ • ■ ' -^e,n e 

is a homogeneous weighted subcoercive system on G x . 
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We then show how the hypotheses on the factor groups Gi can be put together 
in order to obtain weighted estimates on the product group G x . In the following, 
inequalities involving vectors are to be read componentwise. 

Proposition 5.2. Suppose that, for I — 1, . . . , g, the homogeneous group Gi, with 
the system Li t i,...,L l>ni , satisfies (J S; , d; ). For q e [l,oo], if 

n - n d 
(3 > s + 



q max{2,g}' 
where s = (sj, . . . , s e ), d = (d\, . . . , d g ), then there exists 



a- ■=!/':, ■ ■ ■ aswg e L 1 (G X ), 



with wg > 0, w*~ = lug, such that is M-admissible on Gi for I = l,...,g, 
and moreover, for every compact K = Yii=i Kl — nf=i(^ ni \ {0})? an d for every 
m G S^j q B(W l ) with suppm C K, we have 

\\KL*m\\ L2{GK ^ w -x {x)dx] < C Kj,p, q \\ m \\ s ^ q B(R*y 

Proof. Take a such that a > s , ft > a + n/q — dj max{2, q}. For I = 1, . . . , g, 
since on > sj, by (3 S i,di) we can find a function us,i — u% t > on Gi such that 
u s,i > c i{')g f° r some c i,@i > 0, a positive regular Borel measure as,i on M n! 
locally ^/-bounded on R™ ! \ {0}, and a positive real number js,i < 2ai such that 
the function u>^ ; = (■) q^"' 1 U31 is M-admissible on G; and 

( 5 - 3 ) ll^i^llz^G^OrOAsO ^^."ilMU"^*,,) 

for every compact Ki C R™' \ {0} and every m; G P(R™ ! ) with suppm; C if;. 

Set its = w^i ® ■ ■ ■ ® ttg g , as = us,i x • • • x (Js,q- By "taking the Hilbert tensor 
product" of the inequalities (|5.3p . from [24J Corollary 5.5] we deduce that 

\\ 1C L-m\\ L ^G-,uZ\x)dx) < Cfc,tflHU»(aa) 

for every compact AT = nf=i #J £ nf=i( K " e \ {°}) and ever y m G £>(K S ) with 
suppm C if. 

Notice now that, again by taking tensor products, Lemma 12.61 gives 

IMUVes) ^ C *AiflMls* a B(ll«) 
for fj> (ft — d)/2, whereas trivially 

IMU 2 (<xa) - C K,a\\ m \\oo < Cjc.sIHIs^ A B(U«), 

so that, by embeddings and interpolation (cf. the proof of Theorem 12. 7|) . 

||rn||i2 (ffg) < C K ,s,f},q\\ m \\sl q B(^) 

for fj > n/q — d/ max{2, q}. 
Putting all togehter, we have 

\\^L x 'm\\L 2 (Gx,u^ 1 (x)dx) - ^ K -- s ,V,q\\ m \\sl q B(R") 

for fj> n/q — d/ max{2, q}. On the other hand, by Theorem 12.71 

ll^il^lli^^Xxi^ui^xOdx;) ^ C Kucl,ll,Vl\\ m l\\B^{W-l) 
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for r\i > 7i/2 + 9i/2 + ni/2, so that, by tensor products and embeddings, 

II^LxMIl^G* ,(x 1 )l\---(x e )l e e uZ 1 (x) dx) ^ C K,atf,v,q\\ m \\si 9 B(®*) 

for f) > 7/2 + 9/2 + n. By interpolation, we obtain that 

\\^L*M\li(G* ,(x 1 )^ i ---(x e )l e e uZ 1 {x) dx) ^ G K,&,i,rj,q\\ m \\sl q B{fL*) 

for 77 > 7/2 + n/q — d/ max{2, q}. 

In particular, if we take 7 = (73,1, • ■ • , 7s. e ), ff = a + n/q — d/ max{2, q} and set 

w /3 = W j3,\ ® " ' ® w /3, e ' we § et 

1 1 x m 1 1 Z, 2 (G x ,w ^ 1 (a:) dx) - ^K,/?,Jl m llsf ) , ! .B(B«)' 

for every compact K = Uf=i K l ^ nf=i( R " e \ {°}) and ever y TO e X>(R") with 
supp m C K . The conclusion then follows by approximation. □ 

Notice that, in the particular case g = 1, the previous proposition, together with 
Holder's inequality and Proposition ^. 2\ gives the following 

Corollary 5.3. Suppose that a homogeneous weighted subcoercive system Li, . . . , L n 
on a homogeneous Lie group G satisfies (J s ,d)- Then, for q G [l,oo], it satisfies 
also (l q ,s+n/q-d/max{2,q})- In particular, s > d/2. 

The weighted estimate on G x given by Proposition 15 .21 are the starting point for 
the following multi-variate multiplier results. In fact, we are going to consider a 
setting which is more general than the product group G x . 

Let G be a connected Lie group, endowed with Lie group homomorphisms 

vi : Gi — > G for I = 1, . . . , g. 

Then, for I = 1, . . . , g, the operators . . . , Li ni correspond (via the derivative 
v\ of the homomorphism) to operators L\ 1 ,...L\ n £ 23(G), which are essentially 
self-adjoint. Since we want to give a meaning to joint functions of these operators 
on G, we suppose in the following that L\ Y , . . . L\ ni , . . . , L b g l , . . . , £^„ e commute 

strongly, i.e., they admit a joint spectral resolution E b on L 2 (G). 

In order to obtain multiplier results on G, we would like to "transfer" to G the 
estimates obtained on the product group G x . However, we cannot apply directly 
the classical transference results (cf. 6 , 3][7]), since the map 

v x : G x 3 (xi, . . . , x n ) (->• vi{xi) ■ ■ ■ Vg{x e ) £ G 

in general is not a group homomorphism and consequently it does not yield an 
action of G x on L P (G) by translations. Nevertheless, under the sole assumption 
of (strong) commutativity of the differential operators L\ ■ on G, we are able to 
express the operator m(L b ) on G by a sort of convolution with the kernel /C^x m of 
the operator m(L x ) on G x . 

Proposition 5.4. (i) For every m e 23(R") and <p <E L 2 ("1 G (G), 

m(L b )0(x)= f cf ) (xv x (y)- 1 )IC Lx m(y)dy. 
Jg* 

(ii) Under the hypotheses f Provosition HOI the previous identity holds for every 
m £ S^ q B(R R ) with compact support supp to C nf=i( R " ! \ {°})- 
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Proof, (i) If to G V(W l ), then we can decompose to = X^-eNfM ® "' ® 
where gfc,; G £>(R™ ! ) for fe G N, / = 1, . . . , Q, and the convergence is in Z>(R"). In 
particular, by applying [321 Corollary 5.5] and Theorem 12.71 to the group G x , we 
obtain that 

IC L *m = }^fC Ll g kjl <g> ••• ® Kh e gk, e 
feeN 

in L 1 (G X ). On the other hand, for all G L 2 n G (G), we have 



Sfc,i(i|)0(a:) 



<j>{xvi{yi) x ) K Ll g kt i(y{) dyi 



by [Ml Proposition 3.7], and in particular (being lC^g^i £ L 1 (Gi)) also g k) i(L\) 
L 2 n Co(G), so that, by iterating, 

e 



(fffc.i ® ■■■0g k , 8 )(L >)<£(x) 



1=1 

-2/ 



Summing over fceN, the left-hand side converges in L (G) to m(L )(/>, whereas 
(since y h- > 0(x u x (y) _1 ) is bounded) the right-hand side converges pointwise to 
J GX (j)(xv x (y)^ 1 ) /Cr,y.m(y) dy, and the conclusion follows. 

(ii) Choose f3' such that (3 > (3' > s + n/q — d/max{2,g}. Take a compact 
K = Ilf=i #1 ^ nf=i( R " ! \ {°}) and a sequence m k G £>(R") with suppm,, C if 
such that TOfe — > to in S^ q (M. n ). By Proposition 15.21 and Holder's inequality, we 
then have /C^xTOfc — > /C^xTO in L (G x ); moreover, by Corollary 15.31 /3| > 
for / = 1, . . . , q, so that m k —¥ to uniformly. Therefore the conclusion follows by 
applying (i) to the functions m k and passing to the limit. □ 

We are now going to exploit Littlewood-Paley theory. An important tool will be 
the following result, which summarizes a well-known argument for proving proper- 
ties of square functions. 

Lemma 5.5. Let (X,fi) be a a-finite measure space, 1 < p < oo, (k G N e ) 
bounded linear operators on L p (X,/j,). Let A > be such that, for all choices of 
e\ G { — 1, 1} (I < i < Q, k G N) and of a finite subset I C N e , we have 



(5.4) 

Then, for all f G L P (X,^) 



< A. 



(5.5) 



,1/2 



— Ce,p-^ll/llp- 



(SfcGNe l/fcl 2 ) 



Moreover, ifp>l,for all {f k } ke fj e £ L p (X,[i), if (£g |/#) 1/2 € !''< -V. // i. //;<:// 

where the series on the left-hand side converges unconditionally in LP . 

Proof. For n G N, let r n : [0, 1] — > R be the n-th Rademacher function, r n (t) = 
( — 1)L 2 *J , and set = r kl ■ ■ ■ (& r kg for fc G N e . Then (tv)c is an (incomplete) 
orthonormal system in L 2 ([0, l] e ), and Khinchin's inequalities hold: for 1 < p < oo, 
there exist c QtP , C e . p > such that 

„-i i 



< 



<G, 



for all / G span{rr : k G N e }. 
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(see [421 Appendix D] or [HI Appendix C]). 

Consequently, for all finite I CN e and / G L p (X,ii), we have 

(E fe l^/| 2 ) 1/2 [= / IV(*)IT /2 

P J A 



[0,l] e 



= c*, / x ii(E Se z^(*)^) /ir * < cs^'i 

Jo 

Since I CN g was arbitrary, (|5.5[) follows by monotone convergence. 

Notice now that the vector-valued Lebesgue space V p = L P (X, fi; Z 2 (N e )) can be 
thought of as a space of sequences of L P (X, /z)-functions: 

eL p {X,[if • ^l^V2 



V p = 



|(/fc)fc£NB 



(Ei\h\ 



G i p 



with norm 



= IKEfel/fcl 2 ) 1 ^ 2 !^- The inequality ()5.5|) therefore means 
that the operator / i— > (T^f)^ Nc is bounded L P (X, /i) — > V p , with norm not greater 
in C g pA. 

If p > 1, the hypothesis (|5.4I) is equivalent to 

J2kei £ li ' " e k n T i , , - A; 

™ p — >p 

consequently we have that 5 : / n> (^n/)j?eN« * s bounded L p (X,fx) — » V^/, with 
norm not greater than C eiP <A This means that the transpose operator 5* : Vp — > 
L p (X,fi) is bounded too, with the same norm; since 

((/t) s )=£srs/* 

where the series on the right-hand side converges unconditionally in L p , the re- 
maining part of the conclusion follows. □ 



For I = let en be the dilations on 



associated to the weighted 



subcoercive system Li i, . . . , L^ ni , and fix a e;-homogeneous norm | • | Ci on R™', 
smooth off the origin. Choose a non-negative £ G P(K) with supp£ C [1/2,2] and 
such that, if £ k (t) = £(2~ fe *), then 

(5.6) £ fcgz £*(*) = 1 for <> 0, 

and set, for I = 1, . . . , g and k G Z, X«,feW = £(l e L2- fc ( A )k) = Cfe(l-^k) f° r A G R ni . 
Moreover, for fc = (fci, . . . , fc e ) G Z e , let x% = XiM ® • • • ® Xg,k e , Tg = Xk(L b ), an d 
define the square function 



,2\l/2 



Finally, set X (1 = {A G R" : |Ar| £1 • • • |A e | £e = 0}. 
Lemma 5.6. For 1 < p < oo and /or aZZ G L 2 n L P (G), 

c p \\E\W l \X n )^ p <\\g{cj ) )\\ p <C p \\4>\\p- 

Proof. Using the characterization (|1.4j) of L°° Mihlin-Hormander conditions, it is 
not difficult to prove, for I = 1, . . . , g, s G N, (4)fcez G {— 1, 0, 1} Z , iV G N, that 



E|fc|<JV £ kXLk 
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where C;, s > does not depend on (e k )k or N. 

By Theorem 14.61 applied to the group Gi , and by transference to the group G 
(see [3J Theorem 2.7] and |24[ Proposition 3.7]), we then have 



Y.\k\<N £ kXiA L \) 



< 



J2\k\<N £ kXk(Li) < C;,p 



for 1 < p < oo, I = 1, . . . , q, where G;. p > does not depend on (e l k )k or N, and 
consequently also 

E|fc 1 |,...,|fc„|<Ar4i ' ' ' £ k e T k ^ Cl.P ' ' ' C B,P- 

e p— fp 

Moreover, by (|5.6[) and the properties of the spectral integral, J2 keZe converges 
strongly to E "(M™ \ Xjj). The conclusion follows then immediately by Lemma T5. 5 1 

□ 

In the following, we will consider Marcinkiewicz conditions on R™ adapted to the 
system 2g = ei,^ x ■ • • x e Qt t e of multi-variate dilations. 

Theorem 5.7. Suppose that, for I = 1, . . . , g, the homogeneous group Gi, with the 
system Li t i,...,Li tni> satisfies (J S( ,d ( ). If q € [l,oo] and 



/3 > s + - - 



g max{2,o}' 

then, for every Borel m : M™ — > C = and \\ m \\ M s $ B < 00 7 ^ e 

operator m(L b ) is bounded on L P (G) for 1 < p < 00 and 

II^)IU,<^ m II-IIm 3 ^b- 

Proof. Choose a non-negative £ G D(M) with suppC C [1/4,4] and such that £ = 1 
on [1/2, 2]. For 2 = l,,.,,g, set 77; (A) = £(|A| e ,) and 77 = 771 ® ■ • • ® 7? e . If we 

set = (m o 2 fc e)) 7 ?' /& = TO £ -l(2-*i 2~ fc e) f° r ^ ^ then we have 

X%m = f m , so that T~ k m{l}) = f % {L^>)T % . 

Let W0 = W0 1 <3---®W0 g & L 1 (G X ) be given by Proposition ^. 21 Set ( fe = 
2 _fcQa ' w^, o ^2-* for fc G Z, 2 = 1, . . . , g, and let to^g = Wp AM ® ' ' ' ® w ^, e ,fe e 
for G Z e . For Z = 1, if 717 denotes the unitary representation of G; on 

L 2 (G) induced by the homomorphism m, since is M-admissible on G/, then 
the maximal function { on G defined by Mz^x) = sup fegZ |7T;(u>^j k )4>{x)\ is 
bounded on L P (G) for 1 < p < 00, by transference [3l Theorem 2.11]. 

If (j> G L 2 n Cq(G), then we have, by Proposition 15. 4f ii) and Holder's inequality, 



\f^)T^(x)\ 2 < \T u( t>( X v^(y)- l )\\JC LX f n (y)\dy^ 

iT^ixv^yy^w^dy f \K L *m k {y)\ 2 wZ\y) dy 
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thus 

\\g(m(L b m P 



<CpJ™\\ 



M 3 Sl g B 



£jfez.fi(«'£i iJbl ) • ■■'*e{w$, e , k ){\T0 



1/2 
p/2 



for 2 < p < oo. 

On the other hand, since to* = w%, for every ^ € £ (p/2) ' (G) we have 
Z / ( 7r i(^,i,fex)"" 7r e(^, e> fe e )(l T ^l 2 )) HdA*c 

r* _ •* G 



< 



/ (Eg 

JG 



A - '-|'a : ' 



— /9,P 



lEfeGZel^'fe'' 



I p/2 



II (P/2)' > 



that is, 



Efcez e 7r e(^, £ ,,fc e )--- 7r i( w ^i,fc 1 )(l T fc^| 2 ) < C&pllfl#)llp 



p/2 

Putting all together, and applying Lemma l5.61 we get the conclusion for 2 < p < oo 
(notice that £ b (R" \ Xfi)m(L b ) = m(L b ) because m\ Xii — 0). Thus we are done 
when m(L b ) is self-adjoint, i.e., when m is real- valued; in the general case, one can 
decompose m in its real and imaginary parts and then apply the previous result to 
each part. □ 

The hypothesis m\x n — in Theorem 15.71 does not have an analogue in The- 
orem 1413 because the spectral measure of the origin for a homogeneous weighted 
subcoercive system on a homogeneous group is zero. On the other hand, if E\ is the 
joint spectral resolution of L\ lf . . . , L\ n , then E b ({0}) needs not be zero. However 
we have the following 



Proposition 5.8. £^({0}) is bounded on L p '(G) for 1 <p< oo. If moreover vi(Gi) 
is not compact in G, then £^({0}) = 0. 

Proof. Choose ip <= £>(R™ ! ) with ip(0) — 1, so that ipt = ip ° Q.t — > X{o} pointwise 
for t — > +oo, and then 4>t(L\) — > £ ; b ({0}) strongly as operators on L 2 (G). By [53J 
Proposition 3.7] we have ipt(Lq) = ^(K-L^t)-, thus 

Ut( L \)\\Lv(G)^Lv(G) < W^Litpth^Gi) = WKlMl^G,) < OO 

by dTTTJ) and Theorem O For every / G L 2 n £ P (G) and g G L 2 n U>' (G), we then 
have 

\(Et({0})f,g)\ = t ^aJ(ML\)f,g)\ < ||/w^|| il(Gi3 II/IU^IIsIIl^g), 

which gives the required boundedness of E b ({0}). 

Suppose now that vi(Gi) is not compact and that E\ '({0})/ = / for some / G 
L 2 (G). This means that diri(Li^)f = ■•• = d-Ki(Li^ ni )f = 0, and proceeding 
analogously as in the proof of [24l Theorem 5.2] one gets that m(y)f = f for every 
y G G/. If / ^ 0, we can find a compact K C G such that J K \ f(x)\ 2 dx ^ 0; on 
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the other hand, since vi(Gi) is not compact, it is easy to construct inductively a 
sequence {yfc}fceN in Gi such that the sets Kt>i(yk) for k £ N are pairwise disjoint, 
but then 



/ \f(x)\ 2 dx>Y,l \f(x)\ 2 dx = Y / 1 \m?dx 

JG ucltsi J Kvi(y k ) u^m-JK 



OO, 



contradiction. Hence / = 0, and then £^({0}) = by arbitrariness of /. □ 



Proposition l5.8l allows to relax the hypothesis m\x H = in Theorem l5.7l Namely, 
for / C {1,...,q}, let Hi — {niji^i, so that W Ll = Ilie/^™'' ^ moreover L i '■ 
W LI — > R" be the canonical linear embedding, and define on M. ni the system of 
multi-variate dilations ^i,(t t )i el = Yiiei e Mr Then the decomposition 

^ = e n^«°»n^( R ' w \{o})(mo t/ )(4), 

ic{i,..., e } 10 lei 

where L\ = {L\j)i£i,i<j<nn shows that the i p -boundedness of m(L b ) can be ob- 
tained by applying Theorem 15.71 to the subsystems Lj of L . 

Corollary 5.9. Suppose that, for I — 1, . . . , g, the homogeneous group Gi, with the 
system L^x, ... ,Li ;nu satisfies (J s , j( j,). If q £ [l;°o] an d 

?t - n ^ 
(3> s + - 



q max{2,q}' 
then, for every Borel m : R™ — > C we have 

(5-7) IH^)IUp < C^^Wmo^W ^ g , 

lex 1 "'" 

where X is the set of the I C {1, . . . , g} such that Y\.i&i ({0}) ^ ®> an d where 
" TOO Ll hii sI\b = ' m< - ' 1 ' f° r 1 = ' 



In particular, if all the vi(Gi) are not compact, then the hypothesis rn\x H = 
in Theorem 15.71 can be dropped. 

We conclude the section with a comparison of the Mihlin-Hormander and Marcin- 
kiewicz conditions, which constitute the hypotheses of Theorems [476] and [5?7] respec- 
tively: we obtain that, under suitable hypotheses on the orders of smoothness, a 
Marcinkiewicz condition is weaker than the corresponding Mihlin-Hormander con- 
dition. 

Proposition 5.10. If q E [1, oo] and (3i > Qejq for I — 1, . . . , g, then 
where e t = 3( t) ...,i) = e 1)t x ■ • • x e g , t . 

Proof. For q < oo, in view of the characterization of S^ q B(M. n ) as a tensor product 
of the B^ l q (M. ni ) (cf. [321 Theorem 2.2]), from Lemma |4~81 we immediately get 

(5-8) sup UfoidnW ? B <c (tWfW n 

r>o,i*Uo<i 9 - q 

for n = r]i ® • • • <g> i] e 6 P(R n ); the same holds also for q = oo, as it is easily proved 
via the characterization by differences of the ^-B-norm (cf. [35J §2-3.4]). 
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Suppose now that supp?yz C {A; € M. ni : a < \Xi\oo < b} for some b > a > 
and I = 1, . and take 77 G 2?(K") such that T7|{A:a<|A|oo<&} = 1< If t > and 
\t\oo — 1, then (77 o J-)^ = 77, thus from (|5.8p we get 

(5-9) sup ||(/ o^H 3 - <C n , q j\\fv\\ s B - 

t>0, |tloc = l " 

For an arbitrary t > 0, set r = |t|oo, so that |r- x f|oo = 1; then we have m o 1^ — 
(m o e r ) o 3 r -i t -, so that, by (|5 ,9[) applied to / = m o e r , 

H(mo3 r )T/|| 5 |f sB < C n , g ^ll(^°er)77ll s £ 9fl < C J7l ^ll(woe r )fy|| B ^ + ... + ^ 1 

and the conclusion follows by a suitable choice of 77 and 77. □ 

Notice that a Mihlin-Hormander condition on m : W 1 — > C gives some control 
also on the restriction of m to X,i \ {0}, so that it can be used to satisfy the 
more involved hypothesis of Corollary [531 Namely, by the trace theorem for Besov 
spaces, under the hypothesis on (3i,...,f3 e of Proposition 15.101 if m satisfies an 
L q Mihlin-Hormander condition of order j3i + ■ ■ ■ + (3 g , then m o ij satisfies an L q 
Mihlin-Hormander condition of order Yliel @ l -^ or ® ^ ? — {•"•' • • ■ ' s}> therefore, by 
Proposition 15 . 101 all the summands in the right-hand side of (|5.7p , except possibly 
for |m(0)|, are majorized by ||m|| M b p x +-+Ps- 

6. Examples and applications 

6.1. Multipliers for a single operator. Although the present work focuses on 
L p multipliers for systems of multiple operators, some results can be deduced also 
for single operators. 

In view of the characterization stated in fTTJ a homogeneous weighted subcoercive 
system made of a single operator L is simply a self-adjoint Rockland operator. 
Hence from Theorem l4.6l and Proposition 14. II we get 

Corollary 6.1. Let L be a self-adjoint Rockland operator on a homogeneous Lie 
group G. Suppose that G is h-capacious, and let Qq be its dimension at infinity. If 
m : M — > C satisfies an L 2 Mihlin-Hormander condition of order s > {Qg ~ K)/2, 
then m(L) is of weak type (1, 1) and bounded on L P (G) for 1 < p < 00. 

For a general (positive) Rockland operator, in the literature this result is stated 
either without specifying the regularity threshold [21] [44] or for a particular class 
of groups [H] . By restricting to the case of a homogeneous sublaplacian L on a 
stratified Lie group G, we recover the result of [26l 0], where the threshold is half 
the homogeneous dimension of G. 

Notice that, when a homogeneous Lie group G is stratified (i.e., when the ele- 
ments of degree 1 generate the whole Lie algebra) , then the homogeneous dimension 
coincides with Qq. However, on a nilpotent Lie group G there may be multiple 
homogeneous structures, and the homogeneous dimension Qs depends on the cho- 
sen automorphic dilations St (for instance, if X, Y, T is a basis of the Lie algebra of 
the Heisenberg group with [X, Y] = T, then we can set St(X) — tX, St(Y) = t a Y, 
5 t (T) — t 1+a T for all a > 1, and we have Qs = 2 + 2a), whereas Qg is intrinsic of 
the Lie group structure of G. In fact (under the hypothesis that all the homogeneity 
degrees are not less than 1) we always have Qs > Qg, with equality if and only if 
G is stratified [24l Proposition 2.2]. 
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The existence of a homogeneous sublaplacian forces G to be stratified (modulo 
rescaling the homogeneity degrees). On the other hand, on non-stratified homo- 
geneous groups G there might exist higher-order self-adjoint Rockland operators 
L (for instance, in the previous example of the Heisenberg group, one can take 
L = (—iX) 2a — Y 2 when a G N), to which Corollary 16.11 applies, with threshold 
(at most) Qg/2- Therefore our result is also an improvement of [9j Corollary 7.1], 
where the required threshold is Qs/2- 

Multiplier results for a single operator can be deduced from Theorem 15.71 too, 
through a sort of "spectral mapping" ; some examples in the context of a non- 
nilpotent Lie group are presented in the following £16.31 

6.2. Plancherel measure and capacity map. In order to obtain the sharpest 
results from the previous multiplier theorems, properties of the Plancherel measure 
associated with a weighted subcoercive system and of the capacity map of a group 
must be investigated. 

If Li, . . . , L n is a weighted subcoercive system on a nilpotent group G, then the 
associated Plancherel measure a is related to the group Plancherel measure, defined 
on the set G of (equivalence classes of) irreducible (unitary) representations of G. 
In fact, for every irreducible representation 7r of G on a Hilbert space H^, we can 
fincQ a complete orthonormal system {v^.^a of made of joint eigenvectors of 
dir(Li), . . . , dir(L n ). If A^q G R™ denotes the eigenvalues of dn(Li), . . . , dn(L n ) 
corresponding to the eigenvector u T . Q , then, for every m G £>(R™), 

/ |m(A)| 2 dcr(A) = ||m||| 2(G) = / ||7r(m)[[^ s dw = / V \m(K, a )\ 2 dir 
Ji" Jg Jg ~ 

(cf. [531 Proposition 3.7]). If one is able to determine both the group Plancherel 
measure and the eigenvectors v^^ in such a way that the function (tt, a) i— > A^ ^ 
is sufficiently regular, then the measure a on R™ is determined by the previous 
identity as the push-forward of the product of the group Plancherel measure times 
a counting measure. 

This route can be followed, e.g., for the free 2-step nilpotent group on 3 genera- 
tors N 3<2 , which is determined by the relations 

[X U X 2 ] = T 3 , [X 2 , X 3 ] = Ti, [X 3 , X x ] = T 2 , 

where Xi, X 2 , X 3 ,T\,T 2 , T3 is a basis of its Lie algebra 1*3,2; the dilations St given by 
5t(Xj) — tX^ , St(Tj) — t 2 Tj define a stratification of so that Qn 3 2 = Qs = 9. 

If L = -(X 2 + X 2 + X 2 ) is the sublaplacian, A = -(T 2 + T 2 + T 2 ) is the 
central Laplacian and D = —(X1T1+X2T2 + X3T3), then L, A, D is a homogeneous 
weighted subcoercive system, with Plancherel measure a given by 

it n OO p 1 

/ f*= E / / f{^^^^)^dexv 2 dx 

Jm ae 2N+i Jo J- 1 V ' 

(cf. [10]). This measure is supported on a countable family of surfaces accumulating 
on the axis R x {0} x {0}, and it is not difficult to show that a is locally 2-bounded 
on R 3 \ {0}, so that the system L, A, D satisfies the hypothesis (Jg/2,2)- 



If A = p(Li, . . . , L n ) is a positive weighted subcoercive operator, then n(Kz J (e~ p )) is compact 
(since G is CCR), thus dir(A) has discrete spectrum and finite-dimensional eigenspaces, and 
moreover it commutes with dir(Li), . . . , dir(L„). 
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On the group A^ we can also consider the system L, —iT\, —iT2, —1T3] in this 
case the Plancherel measure a is given by 



f fda= £ ^ f / X /(A,A^) ^4^- v 
jRi a e2N+i J ° Js2j ° 



dvduj\ 7/2 d\. 



One can show that a is locally ^-bounded on R 4 \{0}, so that the system L, —iT\, —1T2, 
satisfies (^9/2,7/2)- 

As an example of computation of the capacity map J, we consider instead the 
3-step group Ge,23 of |32], which is defined by the relations 

[Af 6 , AT 5 ] = X4, [Xq, X 4 ] — X 2 , [X 6 ,X 3 ] = —Xi, 
[X 5 , X4] — Xi, [X 5 , X 3 ] = X 2 , 

where Xe, X5, X4, X3, AT2, X\ is a basis of its Lie algebra q = 06,23- It can be shown 
that the unique automorphic dilations 5t (modulo automorphisms and rescaling) 
are given by $t(Xj) = t Wj Xj with we = w§ = 1, W4 = w 3 ~ 2, W2 = Wi = 3, so 
that this is an example of a non-stratifiable group, with 12 = Q$ > Qg 3 2 = H- 
With the notation of $21 we have 

3 = span{X 2 , Xi}, X) = span{X 4 ,X 3 ,X 2 ,X 1 }. 

If we denote by X§, X5, X4, X3 and X^X^ the bases induced by X§, . . . , X\ on 0/3 
and 3* respectively, then we have 

\j(x 6 x 6 + x 5 x 5 + X4X4 + x 3 x 3l t 2 x; + hXl)\ 2 = {x\ + xl)(t 2 2 + t\) 

with respect to a suitable norm on t)*, therefore the dual elements Xq, X§ 6 (0/3 )* 
and X 2 ,X\ £ 3 attest that G6,23 is 2-capacious (despite the fact that Proposi- 
tion [379] does not apply to this group). Consequently, every homogeneous weighted 
subcoercive system on Gg,23, such as 

(- lX6 ) ik + {-iX b ) ik + (-iX 3 ) 2 \ -iX 2 , -iX l 

for k e N \ {0}, satisfies the hypothesis (Jg/2,i)- 

Further examples and details may be found in |23) . 

6.3. Non-nilpotent groups. Theorem 15.71 allows one to obtain multiplier theo- 
rems also on groups which are not homogeneous, even not nilpotent. An interesting 
class of examples comes by considering an action of a torus T d = M. d /Z d on a ho- 
mogeneous group N by automorphisms which commute with dilations, and the 
corresponding semidirect product N >t T d (or alternatively its universal covering 
group iV xi 

Take for instance a diamond group G — H n » T d (see 22J). If L is a T d -invariant 
homogeneous sublaplacian on H n and U± , . . . , U4 are the partial derivatives on the 
torus T d , then L, —%U\, . . . , —iUd is a weighted subcoercive system on G, since 
these operators commute and they generate an algebra containing the sublaplacian 
A = L + {-~iU\) 2 + ■ ■ • + (—iUd) 2 - In fact, each of the operators L, —iU\, . . . , — iUd 
can be considered as a homogeneous weighted subcoercive system in itself: L is 
Rockland on H ni and therefore satisfies (J(dimH„)/2,i)j whereas —iUj comes from 
the corresponding derivative on the j-th factor of M d , which satisfies (Ji/2,i). By 
applying Theorem 15. 7\ we then obtain that, if m : M. 1+d — > C vanishes on the 



JOINT SPECTRAL MULTIPLIERS ON GROUPS OF POLYNOMIAL GROWTH 



35 



coordinate hyperplanes and 

IHIm 3 sj_ 2 b(ri+^) < 00 for s > ( dlm ^ n , . . . , ^ 

then m(L, —iU\, . . . , —iUd) is bounded on L P (G) for 1 < p < 00. 

Thanks to Corollary 15.91 and Proposition l5.10[ this result in turn yields a multi- 
plier theorem for the sublaplacian A: if m : M — > C satisfies 

dim H n + d dim G 
IM|M„Bf i2 (M) < 00 for s > = — - — , 

then m(A) is bounded on L P (G) for 1 < p < 00. We remark that: 

• this condition is sharper than the one following by the general result of Alex- 
opoulos pP, which instead requires an L°° condition of order s > d " n ^ ?+1 ; 

• this is an example of a group in which the regularity threshold in a multiplier 
theorem can be lowered to half the topological dimension, which is neither 
a Heisenberg or related group, nor SU2; 

• the sublaplacian A can be replaced by any operator of the form 

L ka + -(iU 1 ) 2kl + ■ ■ ■ + (-iU d ) 2kd or L k °{-iU 1 ) kl ■■■{-iU d ) kd 

for some ko, ki, ■ ■ ■ , kd £ N \ {0}, obtaining an analogous multiplier result 
with identical smoothness requirement. 

Spectral multipliers for operators such as the complete Laplacian 

A c = L + {-iTf + (-if/i) 2 + • • • + {-iU d f, 

where T is the central derivative on H n , can also be studied. By considering L, — iT 
together as a homogeneous system on H n , and each of the —iUj separately as before, 
one obtains a multiplier theorem for A c , with an L°° condition of order s > d '™ G . 

Analogous considerations hold if one replaces H n by any Metivier group, and 
also if one takes the universal covering group H n x Mr; this last case comprises, for 
d = 1, the oscillator groups. Notice that the previous result about the Laplacian 
A c , when stated on the universal covering group, is sharper than pQ, since the 
degree of growth of the group is greater than its topological dimension. 

Further examples include the plane motion group M 2 x T, and the semidirect 
product iV2,3 xi T determined by the action of SO2 on the free 3-step nilpotent 
group ^2,3 considered, e.g., in [2H §5.3]. In these last cases, for some distinguished 
sublaplacians, we still get a sharpening of the result by Alexopoulos: although the 
required order of smoothness is the same, our condition is expressed in terms of an 
L 2 instead of an L°° Besov norm. 
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